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OUTLINE

2. What can be measured 
asymptotically?

1. Introduction

Proof at tree-level
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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REVIEW ON CROSSING SYMMETRY

Particles indistinguishable from antiparticles traveling back in time?

Crossing symmetry

MAB!CD = MAC̄!B̄D

Amplitudes for AB ! CD and AC̄ ! B̄D are boundary values
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Crossing symmetry would allow us to use 
results from previous computations:
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CROSSING SYMMETRY IN 2 TO 2 SCATTERING
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Proven for the non-perturbative amplitude at fixed momentum transfer t<0 
in theories with mass gap
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The central topic of this talk: 

What is the result of analytically continuing scattering amplitudes?

?
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Takeaway point: 

Analytic continuation from M lands on something new
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Crossing Equation, 2 particles
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HERE: RELATE ASYMPTOTIC OBSERVABLES

Crossing equation describes the result of analytic continuation

We will learn: Scattering amplitudes are part of a larger family of observables, 
related by analytic continuation
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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PREVIOUS PROGRESS ON CROSSING

独Proposed for quantum field theory in 1954 

独Proven for non-perturbative 2!2 and 2!3 scalar amplitudes, assuming mass gap 
- Proofs use mass gap, causality, unitarity, and analytic extension theorems 

独Recent progress in Chern-Simons theories and string theory for 2!2 amplitudes 

独Proven in the planar limit to any multiplicity using perturbation theory 

Challenge: understand connection between crossing and physical principles

[Gell-Mann, Goldberger, Thirring]

[Bros, Epstein, Glaser 1964, 1965; Bros 1986]

[Mizera 2021]

[See e.g. Jain, Mandlik, Minwalla, Takimi, Wadia, Yokoyama 2014; Lacroix, Erbin, 
Sen 2018; Mehta, Minwalla, Patel, Prakash, Sharma 2022; Gabai, Sandor, Yin 2022]
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ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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Axioms

1. Algebra of asymptotic measurements in the far past and far future,
⇥
a1, a

†
2

⇤
= �1,2 2p

0
1(2⇡)

D�1�D�1(~p1 � ~p2)

⇥
b1, b

†
2

⇤
= �1,2 2p

0
1(2⇡)

D�1�D�1(~p1 � ~p2)

2. These operators act on equivalent Hilbert spaces and are related by a unitary
evolution operator S:

b = S†aS, b† = S†a†S; SS† = 1

3. There exists a time-invariant vacuum |0i:

ai|0i = bi|0i = 0, S|0i = |0i

4. Stability:
Sa†i |0i = a†i |0i, Sb†i |0i = b†i |0i,

ASYMPTOTIC ALGEBRA IN QUANTUM FIELD THEORY

ain

<latexit sha1_base64="9Z8SJfKKmqIbaLv6MhKUQorVBwU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M7QIrkoigroruHFZwT6gDWEynbRDZ5IwMxFqyJe4caGIWz/FnX/jpM1CWw8MHM65lzn3BAlnSjvOt1XZ2Nza3qnu1vb2Dw7r9tFxT8WpJLRLYh7LQYAV5SyiXc00p4NEUiwCTvvB7Lbw+49UKhZHD3qeUE/gScRCRrA2km/XsZ+NBNZTKTIW5blvN52WswBaJ25JmlCi49tfo3FMUkEjTThWaug6ifYyLDUjnOa1UapogskMT+jQ0AgLqrxsETxHZ0YZozCW5kUaLdTfGxkWSs1FYCaLjGrVK8T/vGGqw2vPHJSkmkZk+VGYcqRjVLSAxkxSovncEEwkM1kRmWKJiTZd1UwJ7urJ66R30XIvWzf3l812o6yjCqfQgHNw4QracAcd6AKBFJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8AjymTmQ==</latexit>
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Axioms

1. Algebra of asymptotic measurements in the far past and far future,
⇥
a1, a

†
2

⇤
= �1,2 2p

0
1(2⇡)

D�1�D�1(~p1 � ~p2)

⇥
b1, b

†
2

⇤
= �1,2 2p

0
1(2⇡)

D�1�D�1(~p1 � ~p2)

2. These operators act on equivalent Hilbert spaces and are related by a unitary
evolution operator S:

b = S†aS, b† = S†a†S; SS† = 1

3. There exists a time-invariant vacuum |0i:

ai|0i = bi|0i = 0, S|0i = |0i

4. Stability:
Sa†i |0i = a†i |0i, Sb†i |0i = b†i |0i,

ASYMPTOTIC ALGEBRA IN QUANTUM FIELD THEORY

ain
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Assume Bose/Fermi 
statistics, flat space, 
Poincaré invariance

}
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What can be measured asymptotically?

Using this algebra,
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4 PT ASYMPTOTIC MEASUREMENTS4 pts

h0|b4b3a
†
2a

†
1|0i = inh43|S|21iin =

13

4 2
S

h0|a4a3b
†
2b

†
1|0i = inh43|S

†
|21iin =

13

4 2
S†

h0|a4a3a
†
2a

†
1|0i = inh43|21iin = 0

h0|b4b3b
†
2b

†
1|0i = inh43|21iin = 0
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4 PT ASYMPTOTIC MEASUREMENTS

Time flows to the left in all diagrams

Axioms
1. Algebra of asymptotic measurements in the far past and far future,

⇥
a1, a

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

⇥
b1, b

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

2. These operators act on equivalent Hilbert spaces and are related by a unitary

evolution operator S:

b = S†aS, b† = S†a†S; SS† = 1

3. There exists a time-invariant vacuum |0i:

ai|0i = bi|0i = 0, S|0i = 0

4. Stability:

Sa†i |0i = a†i |0i, Sb†i |0i = b†i |0i,

4 pts

h0|b4b3a
†
2a

†
1|0i = inh43|S|21iin =

13

4 2
S

h0|a4a3b
†
2b

†
1|0i = inh43|S

†
|21iin =

13

4 2
S†

h0|a4a3a
†
2a

†
1|0i = inh43|21iin = 0

h0|b4b3b
†
2b

†
1|0i = inh43|21iin = 0
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5 PT ASYMPTOTIC MEASUREMENTS

(plus forward terms and Hermitian conjugates)

5 pts

h0|b5b4b3a
†
2a

†
1|0i = inh543|S|21iin =

13
4

25
S

h0|a5a4a3b
†
2b

†
1|0i = inh543|S

†
|21iin =

133
4

25
S†

h0|a5a4b3a
†
2a

†
1|0i = inh54|b3|21iin = 4

5

1

2

3

XS† S

h0|a5a4b
†
3a

†
2a

†
1|0i = inh54|b

†
3|21iin = 4

5

1

2

3

XS† S

(plus forward terms and Hermitian conjugates)25



5 PT ASYMPTOTIC MEASUREMENTS

(plus forward terms and Hermitian conjugates)

5 pts

h0|b5b4b3a
†
2a

†
1|0i = inh543|S|21iin =

13
4

25
S

h0|a5a4a3b
†
2b

†
1|0i = inh543|S

†
|21iin =

133
4

25
S†

h0|a5a4b3a
†
2a

†
1|0i = inh54|b3|21iin = 4

5

1

2

3

XS† S

h0|a5a4b
†
3a

†
2a

†
1|0i = inh54|b

†
3|21iin = 4

5

1

2

3

XS† S

(plus forward terms and Hermitian conjugates)26



5 pts

h0|b5b4b3a
†
2a

†
1|0i = inh543|S|21iin =

13
4

25
S

h0|a5a4a3b
†
2b

†
1|0i = inh543|S

†
|21iin =

133
4

25
S†

h0|a5a4b3a
†
2a

†
1|0i = inh54|b3|21iin = 4

5

1

2

3

XS† S

h0|a5a4b
†
3a

†
2a

†
1|0i = inh54|b

†
3|21iin = 4

5

1

2

3

XS† S

(plus forward terms and Hermitian conjugates)

5 PT ASYMPTOTIC MEASUREMENTS

(plus forward terms and Hermitian conjugates)

Insert a complete set 
of states X, integrate 

inclusively over 
phase space

Axioms
1. Algebra of asymptotic measurements in the far past and far future,

⇥
a1, a

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

⇥
b1, b

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

2. These operators act on equivalent Hilbert spaces and are related by a unitary

evolution operator S:

b = S†aS, b† = S†a†S; SS† = 1

3. There exists a time-invariant vacuum |0i:

ai|0i = bi|0i = 0, S|0i = 0

4. Stability:

Sa†i |0i = a†i |0i, Sb†i |0i = b†i |0i,

Axioms
1. Algebra of asymptotic measurements in the far past and far future,

⇥
a1, a

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

⇥
b1, b

†
2

⇤
= �1,2 2!1(2⇡)

D�1�D�1(~p1 � ~p2)

2. These operators act on equivalent Hilbert spaces and are related by a unitary

evolution operator S:

b = S†aS, b† = S†a†S; SS† = 1

3. There exists a time-invariant vacuum |0i:

ai|0i = bi|0i = 0, S|0i = 0

4. Stability:

Sa†i |0i = a†i |0i, Sb†i |0i = b†i |0i,27



EXAMPLE 6 PT ASYMPTOTIC MEASUREMENTS

Scattering amplitudes Out-of-time-ordered correlatorsInclusive amplitudes

Example measurements at 6 pts

h0|b6b5b4a†
3a

†
2a

†
1|0i

14
25
36

S

h0|a6a5b
†
4b3a

†
2a

†
1|0i

5

6

1

2

3

4

XS† S

h0|b6b5a†
4b3a

†
2a

†
1|0i

5

6

1

2

3

4

S S† SX Y
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Example measurements at 6 pts
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h0|b6b5a4b
†
3a

†
2a

†
1|0i

5

6

1

2

3

4

S S† SX Y

Example measurements at 6 pts
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EXAMPLE N-PT ASYMPTOTIC MEASUREMENTS

More generally: 

S† S
g

g g

g

Black holes

g g

Figure 3. Hawking radiation blabla {fig:HawkingRadiation0}

states. Exclusive amplitudes involving a small number of additional particles are then likely

to be exponentially small ⇠ e�S/2, from general statistical considerations. On the other hand,

inclusive amplitudes like (2.13) (which captures, among other information, the spectrum of

Hawking radiation, see fig. 3) are generally not exponentially small. Generally, we would like

to understand all the possible relations between inclusive and exclusive amplitudes. [SCH:

elaborate on extremal BH+particle+particle examples, somehow?]

2.3 General inclusive observables

It will be useful to systematically enumerate the di↵erent measurements involving n asymp-

totic operators, and to introduce a uniform notation for them.

To address this question systematically, let us first fix a given ordering of the operators

a, a†, b, b†, thus yielding 4n options for potential asymptotic measurements. We will assume

in this discussion that the momenta in each a† is di↵erent from those in a’s, and that the

momenta in each b† is di↵erent from those in b’s, so that we can ignore c-number commutators

like (??).

The first step is to eliminate all b’s and b†’s to a’s and a†’s via (2.2), so as to get a string

of just a, a†, S and S†’s. As before, we also use properties of the vacuum (2.3) and stability

(2.4) to eliminate S or S†’s that act on the vacuum, or which are just one step removed from

the vacuum. Finally, commutators allow us to move all a’s to the left of a†’s. As a result, all

measurements can be brought into the form:

h0| a · · · a| {z }
k2s

S a† · · · a†| {z }
k2s�1

a · · · a| {z }
k2s�2

S† · · ·S† a† · · · a†| {z }
k3

a · · · a| {z }
k2

S a† · · · a†| {z }
k1

|0i , (2.17) {eq:measurement-type}{eq:measurement-type}

together with their Hermitian conjugate. The particle labels are suppressed for clarity and

the numbers ki denote the length of the chains of a’s and a†’s with
P2s

i=1 ki = n. The total

of n operators a and a† are separated by s operators S and S†, which have to alternate. As

a shorthand, we will denote (2.17) as

– 7 –

Forward contributions

S = iM + iM +
iM

+

+
iM

iM
+ + perms.

(1)

We expand in terms of connected components:
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PHYSICAL INTERPRETATION OF ASYMPTOTIC OBSERVABLES

[See e.g. Shenker, Stanford 2013; Maldacena, Shenker, Stanford 
2015; Kosower, Maybee, O’Connell 2018; Caron-Huot 2022]

Frame Title

inh0|bn · · · bj+1a
†
j · · · a

†
1|0iin : Scattering amplitude

inh54|b3|21iin : Expectation value of electromagnetic field in a scattering experiment /
Gravitational waveform detected by LIGO

lim
p3!p4

inh65|b4b
†
3|21iin : Inclusive cross section / inclusive particle number

inh6|b
†
5a4b

†
3a

†
2|1iin : Out-of-time-ordered correlator

30

Frame Title

inh0|bn · · · bj+1a
†
j · · · a

†
1|0iin : Scattering amplitude

inh54|b3|21iin : Expectation value of electromagnetic field in a scattering experiment /
Gravitational waveform detected by LIGO-Virgo-KAGRA

lim
p3!p4

inh65|b4b
†
3|21iin : Inclusive cross section / inclusive particle number

inh6|b
†
5a4b

†
3a

†
2|1iin : Out-of-time-ordered correlator



Takeaway points: 

独S-matrix only one of exponentially many asymptotic observables 

独Asymptotic observables are physical; already being measured and computed

In this talk: 

独Relate asymptotic observables to one another via analytic continuations
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OUTLINE

2. What can be measured 
asymptotically?

1. Introduction

Proof at tree-level

1. Classify edges with p+I ⇠ z in red, p�I ⇠ 1 in blue, as z ! 1

pµb (z) =
�
zp+b ,

1
zp

�
b , p

?
b

�
, pµc (z) =

�
zp+c ,

1
zp

�
c , p

?
c

�

(1)

2. Get connected red and blue trees

R = B = (2)

Master integrals

1

23

4

5
s12 s45

s13

2

13

4
5

s12

s23

1

23

4

p2

p1p45

p3

s45

s12

s23

1

23

5
4

p2

p1p45

p3

s45

s34
s12

s51

s23

1

23

4

5

p2

p1p45

p3

4. Examples3. Crossing equation
Crossing Equation, 2 particles
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Crossing Equation, 2 particles
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5 pts

h0|b5b4b3a
†
2a

†
1|0i = inh543|S|12iin =

13
4

25
S

h0|a5a4a3b
†
2b

†
1|0i = inh543|S

†
|12iin =

133
4

25
S†

h0|a5a4b3a
†
2a

†
1|0i = inh54|b3|12iin = 4

5

1

2

3

XS† S

h0|a5a4b
†
3a

†
2a

†
1|0i = inh54|b

†
3|12iin = 4

5

1

2

3

XS† S

(plus forward terms and Hermitian conjugates)

Crossing Equation, 2 particles

23

S

B

A

C

D

Cross 2 $ 3
3̄2̄

S†

SS
Y X

C

A

B

D

z

e�

e�
e�

e�

�

XS S†

e�
e�

�

e�

e+

S

Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:

23

S

B

A

C

D

cross 2 $ 3
32

S†

SS
Y X

C

A

B

D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-

– 6 –
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Contour of continuation
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CONTOUR OF CONTINUATION
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We propose an on-shell contour of analytic continuation which exchanges 
incoming and outgoing states with a parameter z 
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X
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CROSSING PATH IN PRACTICE
Tree-level revisited

M345 12 =
2

3 1
4

5
=

g3

(s45 �m2
45 + i")(s13 �m2

13)
,

(I.) Analytic continuation path: s13 rotates, s45 stays fixed,

[M345 12]s
y
13

=
g3

(s45 �m2
45 + i")(s13 �m2

13 � i")

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}
s13 rotates

s45 stays fixed
sI

sI2Z

sI2NsI2N

sI2Z (14)Mixed invariants 
rotate

Uniform invariants 
stay fixed
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Crossing Equation, 2 particles
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Crossing Equation for 2-particle crossing:

[See also Bros 1986]
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:

23
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cross 2 $ 3
32

S†

SS
Y X
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D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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cross 2 $ 3
32
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D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-

– 6 –

Minus sign from S = 1 + i(2⇡)D�D(⌃pi)M
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Crossing Equation for 2-particle crossing:

Crossing Equation, 2 particles
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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cross 2 $ 3
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D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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Crossing Equation, 2 particles

23

S

B
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C

D

Cross 2 $ 3
3̄2̄

S†

SS
Y X

C

A

B

D

[See also Bros 1986]

Evidence:  

独 Loop-level examples and tree-level proof (part 4) 
独Axiomatic quantum field theory, assuming analyticity, using microcausality      
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Crossing Equation for 2-particle crossing:
Mixed and non-mixed

For invariants sI = �p2I :

sI 2 Z: I and Ī contain at least one label from B,C and at least one from A,D.

p+I ⇠ z, p�I ⇠ 1, sI ⇠ z

sI 2 N : I or Ī contain only labels from B,C or A,D.

p±I ⇠ z±1 or p±I ⇠ 1, sI stays fixed,

[SDC BA] x

sI ,xsJ
=

XZ

X,Y,Z,W

SD ZSB Y S
†
Y Z XWSW CSX A .

[b, a†]  !
Cross B$C [b†, a]
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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cross 2 $ 3
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D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-

– 6 –



Crossing Equation, 2 particles

23

S

B

A

C

D

Cross 2 $ 3
3̄2̄

S†

SS
Y X

C

A

B

D

GAB!CD =

Z
dDx ei(pc�pb)·x✓(x0)hD|[j(x/2), j(�x/2)]|Ai

GAC!BD =

Z
dDx e�i(pc�pb)·x✓(x0)hD|[j(x/2), j(�x/2)]|Ai

GAB!CD � GAC!BD =

Z
dDx ei(pc�pb)·xhD|[j(x/2), j(�x/2)]|Ai

Use microcausality GAB!CD � GAC!BD = 0:

[b, a†] ! [b†, a]

(Remains to show that different regions can be connected to one another)38

Crossing Equation for 2-particle crossing:

[Bros, Epstein, Glaser 1964, 1965; Itzykson, Zuber 1987]

Crossing Equation for 2-particle crossing:

GAB!CD =

Z
dDx ei(pc�pb)·x✓(x0)hD|[j(x/2), j(�x/2)]|Ai

GAC!BD =

Z
dDx e�i(pc�pb)·x✓(x0)hD|[j(x/2), j(�x/2)]|Ai

GAB!CD � GAC!BD =

Z
dDx ei(pc�pb)·xhD|[j(x/2), j(�x/2)]|Ai

Use microcausality GAB!CD � GAC!BD = 0:

[b, a†] ! [b†, a]

(Remains to show that different regions can be connected to one another)

Mixed and non-mixed

For invariants sI = �p2I :

sI 2 Z: I and Ī contain at least one label from B,C and at least one from A,D.

p+I ⇠ z, p�I ⇠ 1, sI ⇠ z

sI 2 N : I or Ī contain only labels from B,C or A,D.

p±I ⇠ z±1 or p±I ⇠ 1, sI stays fixed,

[SDC BA] x

sI ,xsJ
=

XZ

X,Y,Z,W

SD ZSB Y S
†
Y Z XWSW CSX A .

[b, a†]  !
Cross B$C [b†, a]
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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Crossing proposal for multi-particle crossing:

Crossing Equation
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:
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The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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Mixed and non-mixed

For invariants sI = �p2I :

sI 2 Z: I and Ī contain at least one label from B,C and at least one from A,D.

p+I ⇠ z, p�I ⇠ 1, sI ⇠ z

sI 2 N : I or Ī contain only labels from B,C or A,D.

p±I ⇠ z±1 or p±I ⇠ 1, sI stays fixed,

[SDC BA] x

sI ,xsJ
=

XZ

X,Y,Z,W

SD ZSB Y S
†
Y Z XWSW CSX A .

[b, a†]  !
Cross B$C [b†, a]
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Crossing proposal for multi-particle crossing:

Crossing Equation
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Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:

23

S

B

A

C

D

cross 2 $ 3
32

S†

SS
Y X

C

A

B

D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-

– 6 –

Evidence:  
独 Loop-level examples and tree-level proof (part 4) 

独Symmetry in AD & BC

Mixed and non-mixed

For invariants sI = �p2I :

sI 2 Z: I and Ī contain at least one label from B,C and at least one from A,D.

p+I ⇠ z, p�I ⇠ 1, sI ⇠ z

sI 2 N : I or Ī contain only labels from B,C or A,D.

p±I ⇠ z±1 or p±I ⇠ 1, sI stays fixed,

[SDC BA] x

sI ,xsJ
=

XZ

X,Y,Z,W

SD ZSB Y S
†
Y Z XWSW CSX A .

[b, a†]  !
Cross B$C [b†, a]
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Proving the crossing equation involves comparing:

(I) (II)

The analytic continuation of S 
via the prescribed path

Computing the corresponding 
observables explicitly

sI
sI2Z

sI2NsI2N

sI2Z (14)

Crossing Equation, 2 particles
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Crossing Equation, 2 particles
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CONTINUING AROUND SINGULARITIES

Local analyticity can be subtle: might need to continue past 
anomalous thresholds

s1

s2

s

2

120

10

3

3

10

2

20
1

cross 2 $ 20
3

10

2

20

1
+

3

10

2

20

1

Expected from axiomatic field theory

6.1 Example triangle diagram

The example we will study in detail is the following triangle diagram for the time-ordered

amplitude 32010  21:

s1

s2

s

2

120

10

3
p1

p2

p

`� p2

` + p1

`

(6.1) {eq:Tri diagram}{eq:Tri diagram}

The dashed and solid lines represent particles with mass m1 and m2, while the wiggly line is

a massless particle representing a graviton. This diagram depends only on three Mandelstam

invariants, which we call s, s1, and s2, in addition to the two masses. For later convenience,

at the start of the analytic continuation we will consider the complex-conjugated amplitude:

M⇤
tri = �

Z
dD`

i⇡D/2

1

[(`+p1)2 + m2
1 + i"][(`�p2)2 + m2

2 + i"][`2 + i"]
, (6.2) {eq:triDef}{eq:triDef}

which amounts to reversing the signs of Feynman i" and an overall minus sign. The prediction

of the crossing equation is that exchanging the particles 2$ 20 leads to

3
10

2

20
1

cross 2$ 20 3
10

2

20

1
+

3
10

2

20

1

Here, s = �p
2 rotates from negative to positive in the upper-half plane, with all the other

invariants fixed. The reason why the rotation is clockwise is because we started with complex-

conjugated amplitude. In equations, we have

[M⇤
tri]sy

?
= Mtri +Cuts1Mtri ⌘ Exp2. (6.3) {Tri test with cut}{Tri test with cut}

The quantity on the right-hand side is the expectation value Exp2.

The goal of this section is to explain why this equation breaks down when 2 is a massive

on-shell particle with s2 = m
2
2. To illustrate this point, we will start with the o↵-shell

configuration, say s2 < m
2
2, and show that the crossing path is cut o↵ as we tune s2 ! m

2
2.

Physically, this phenomenon will have an explanation originating from the triangle anomalous

threshold, and that we cannot analytically continue around it when s2 is on shell. We also

take s1 > m
2
1 to make the problem nontrivial: if s1 was spacelike, the triangle could be viewed

as part of a 2! 2 scattering process for which crossing is already well-established.

Our interest in studying this specific configuration comes from inquiring into limitations

of crossing symmetry when crossing a massive particle in gapless theories. This question

becomes particularly important in applications to computing gravitational waveforms, in
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6.1 Example triangle diagram

The example we will study in detail is the following triangle diagram for the time-ordered

amplitude 32010  21:
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(6.1) {eq:Tri diagram}{eq:Tri diagram}

The dashed and solid lines represent particles with mass m1 and m2, while the wiggly line is

a massless particle representing a graviton. This diagram depends only on three Mandelstam

invariants, which we call s, s1, and s2, in addition to the two masses. For later convenience,

at the start of the analytic continuation we will consider the complex-conjugated amplitude:
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dD`

i⇡D/2
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1 + i"][(`�p2)2 + m2

2 + i"][`2 + i"]
, (6.2) {eq:triDef}{eq:triDef}

which amounts to reversing the signs of Feynman i" and an overall minus sign. The prediction

of the crossing equation is that exchanging the particles 2$ 20 leads to

3
10

2

20
1

cross 2$ 20 3
10

2

20

1
+

3
10

2

20

1

Here, s = �p
2 rotates from negative to positive in the upper-half plane, with all the other

invariants fixed. The reason why the rotation is clockwise is because we started with complex-

conjugated amplitude. In equations, we have

[M⇤
tri]sy

?
= Mtri +Cuts1Mtri ⌘ Exp2. (6.3) {Tri test with cut}{Tri test with cut}

The quantity on the right-hand side is the expectation value Exp2.

The goal of this section is to explain why this equation breaks down when 2 is a massive

on-shell particle with s2 = m
2
2. To illustrate this point, we will start with the o↵-shell

configuration, say s2 < m
2
2, and show that the crossing path is cut o↵ as we tune s2 ! m

2
2.

Physically, this phenomenon will have an explanation originating from the triangle anomalous

threshold, and that we cannot analytically continue around it when s2 is on shell. We also

take s1 > m
2
1 to make the problem nontrivial: if s1 was spacelike, the triangle could be viewed

as part of a 2! 2 scattering process for which crossing is already well-established.

Our interest in studying this specific configuration comes from inquiring into limitations

of crossing symmetry when crossing a massive particle in gapless theories. This question

becomes particularly important in applications to computing gravitational waveforms, in

– 49 –

6.1 Example triangle diagram

The example we will study in detail is the following triangle diagram for the time-ordered

amplitude 32010  21:

s1

s2

s

2

120

10

3
p1

p2

p

`� p2

` + p1

`

(6.1) {eq:Tri diagram}{eq:Tri diagram}

The dashed and solid lines represent particles with mass m1 and m2, while the wiggly line is

a massless particle representing a graviton. This diagram depends only on three Mandelstam

invariants, which we call s, s1, and s2, in addition to the two masses. For later convenience,

at the start of the analytic continuation we will consider the complex-conjugated amplitude:

M⇤
tri = �

Z
dD`

i⇡D/2

1

[(`+p1)2 + m2
1 + i"][(`�p2)2 + m2

2 + i"][`2 + i"]
, (6.2) {eq:triDef}{eq:triDef}

which amounts to reversing the signs of Feynman i" and an overall minus sign. The prediction

of the crossing equation is that exchanging the particles 2$ 20 leads to

3
10

2

20
1

cross 2$ 20 3
10

2

20

1
+

3
10

2

20

1

Here, s = �p
2 rotates from negative to positive in the upper-half plane, with all the other

invariants fixed. The reason why the rotation is clockwise is because we started with complex-

conjugated amplitude. In equations, we have

[M⇤
tri]sy

?
= Mtri +Cuts1Mtri ⌘ Exp2. (6.3) {Tri test with cut}{Tri test with cut}

The quantity on the right-hand side is the expectation value Exp2.

The goal of this section is to explain why this equation breaks down when 2 is a massive

on-shell particle with s2 = m
2
2. To illustrate this point, we will start with the o↵-shell

configuration, say s2 < m
2
2, and show that the crossing path is cut o↵ as we tune s2 ! m

2
2.

Physically, this phenomenon will have an explanation originating from the triangle anomalous

threshold, and that we cannot analytically continue around it when s2 is on shell. We also

take s1 > m
2
1 to make the problem nontrivial: if s1 was spacelike, the triangle could be viewed

as part of a 2! 2 scattering process for which crossing is already well-established.

Our interest in studying this specific configuration comes from inquiring into limitations

of crossing symmetry when crossing a massive particle in gapless theories. This question

becomes particularly important in applications to computing gravitational waveforms, in

– 49 –

The space-time geometry, with time flowing to the left, of the anomalous threshold looks

as follows:

3

10

2

20

1x
x1

x2

(6.37)

It is the same as (6.33) folded along the cut and with the vertices x, x1, x2 placed according

to the above rules. This is a generalization of the Coleman–Norton picture to solutions with

positive and negative Schwinger parameters. Note that ↵3⇤ < 0 corresponds to the fact

that the energy flows through the graviton propagator in the direction opposite to the one

indicated with the arrow, as expected from the above figure.

Later, in Sec. 7.3, we illustrate the counterpart of this discussion in string scattering,

where the trajectories of strings can be plotted explicitly.

What happens here is that the graviton propagates at the speed of light from x1 to x2.

On the other hand, the massive particle travels from x to x2 at near-luminal speed. The

fact that the two meet at x2 allows the anomalous threshold to be physically allowed. Let us

now understand local analyticity near this threshold. As reviewed in A.2, this notion allows

us to determine from which side to approach the branch cuts in the kinematic space. The

relevant quantity to study is
P

j Im pj ·xj , where pj is the momentum flowing into the vertex

xj . Imposing that this quantity is positive gives an inequality on the kinematic invariants for

the correct i" approach. For example, normal thresholds always require Im s > 0, see (A.2).

We can now apply these ideas to the triangle threshold. We fix all kinematic invariants

to be real, except for s. This gives

Im (p1 · x1 + p2 · x2 + p · x) = (6.38)

6.6 Inclusive massless observables are safe

[HSH: Needs to be integrated]

One example of an asymptotic observable is the expectation value for the gravitational

waveform that is measured in the background of black-hole scattering: according to the

KMOC formalism [8], it is computed by the expression

Expk ⌘ inh2010|S†
akS|12iin = h0|a20a10 bk a

†
2a

†
1|0i, (6.39) {KMOC}{KMOC}

which is precisely the observable discussed in Eq. ??. As discussed in Sec. 2, these inclusive
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⇥ ⇥

(
p

s1 +
p

s2)2

s⇤
(m1 + m2)2

(a)
{fig:splane}

1�1

cos ✓

⇥

⇥

(b)
{fig:cosplane}

Figure 11: Two paths of analytic continuation from C to its contribution to inclusive observ-

able Exp2 are shown: (a) in the s-plane, and (b) in the cos ✓-plane once the third propagator

goes on-shell. While the blue path crosses the anomalous threshold cut, the orange path does

not.

the residue around the root ↵�, resulting in a contour that agrees with the cut contribution

Cuts1Mtri. In doing so, we have to give s2 a small imaginary part to pull the branch cut

originating from s
⇤ away from the real s axis, i.e. away from the branch cuts originating from

the normal-threshold and the second-type-singularities, as shown in Fig. 9. This construction

is not possible in the on-shell limit when s2 ! m
2
2, since the branch point at s

⇤ moves to

infinity.

4.4 Anomalous threshold obstruction

The purpose of this section is to illustrate how the functions C and Cuts1Mtri can di↵er

due to the triangle anomalous threshold at s = s⇤. To understand how it comes about,

first observe that (4.22) has a branch cut when its denominator vanishes. This is, of course,

responsible for the triangle threshold branch cut. It opens up when the value of s increases

su�ciently for �1 < cos ✓ < 1 to allow the third propagator to go on-shell, which occurs

above the anomalous threshold.

To gain a better intuition regarding this clash, it is helpful to look at the two paths of

analytic continuation (orange and blue) in the s-plane illustrated in Fig. 11a. Position of

the pole in the cos ✓-plane is shown in Fig. 11b. As explained above, the branch chosen by

Cuts1Mtri has a pole in the upper-half plane of cos ✓ (red cross in Fig. 11b). On the other

hand, the branch selected by C can be determined by setting s ! s+ i" and s2 ! s2+ i" with

s < 0 and m
2
2 > s2 > 0 in the denominator �s2 � 2`0⇤

�
p
0
2 � p

3
2 cos ✓

�
+ m

2
2. Thus, after this

substitution (taking p
0
2 ! p

0
2 and p

3
2 ! p

3
2+ i") the pole is moved to the lower half-plane (blue

cross in Fig. 11b). [HSH: We cannot make this statement, this is frame dependent!][MG:

Hmmmm... I see your point] This happens because the i" for p
0
2 supersedes that of p

3
2 for

cos ✓ < 1. This selects the branch of C at the start of the analytic continuation. Following

the orange path, the root moves to the upper half-plane without disturbing the integration
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FAMILIES OF OBSERVABLES
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OUTLINE

2. What can be measured 
asymptotically?

1. Introduction

Proof at tree-level

1. Classify edges with p+I ⇠ z in red, p�I ⇠ 1 in blue, as z ! 1

pµb (z) =
�
zp+b ,

1
zp

�
b , p

?
b

�
, pµc (z) =

�
zp+c ,

1
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�
c , p

?
c
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(1)

2. Get connected red and blue trees

R = B = (2)

Master integrals
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Crossing Equation, 2 particles
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S

Figure 2: Crossing symmetry illustrated on a 2 ! 3 processes. We cross an electron (photon)

in the scattering process e�� ! e�e�e+ from outgoing (incoming), using a path parametrized

by z. The particles that cross are colored in red. The original scattering amplitude is obtained

for z > 0, but after the analytic continuation to z < 0, we land on the inclusive observable for

measuring a photon in the background of Møller scattering, e�e� ! e�e�. The observable

is obtained as the conjugated S-matrix for the process e�e� ! �X times the S-matrix for

X ! e�e�, where X contains all possible states which must be summed and integrated over.

Note that time flows from right to left in these diagrams. {fig:introcross2}

computed as the expectation value of a graviton in the background of black-hole scattering,

which is precisely the observable in Fig. 2 for z < 0, obtained by replacing the electrons with

black holes and the photon by a graviton. The KMOC formalism has recently been used to

compute gravitational waveforms in perturbation theory by modeling the black holes as heavy

scalars [9–11]. In a recent paper [7], we showed how to e↵ectively compute such observables.

Using the crossing path in Fig. 2, we find a striking result: We can compute the gravita-

tional waveform as an analytic continuation from the scattering amplitude for a graviton and

black hole to scatter into two black holes and an anti-black hole! We therefore have a new way

of computing the gravitational waveform, as well as a host of other asymptotic observables,

as analytic continuations of scattering amplitudes.

The story goes farther beyond these four- and five-point examples. At six points, one can

write down yet other asymptotic observables, such as inclusive measurements and out-of-time

ordered correlators. Starting from a scattering amplitude our conjectured crossing equation

shows what happens when we start with the scattering amplitude AB ! CD, and cross one

incoming particle with one outgoing particle:

23

S

B

A

C

D

cross 2 $ 3
32

S†

SS
Y X

C

A

B

D (1.1) {eq:crossingintro}{eq:crossingintro}

The crossing-equation conjecture is based on rigorous manipulations of o↵-shell correla-
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TREE-LEVEL EXAMPLE REVISITEDTree-level revisited
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(I.) [S126!345]s
y
13

= S⇤
13!2456 +

2⇡i
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⇣
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h
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Comparing (I.) and (II.) verifies the crossing equation.
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Comparing (I) and (II) verifies the crossing equation.
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PERTURBATION THEORY CHECKS
Master integrals
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独Checked all D-dim massless basis integrals for an expansion around D=4

Proof at tree-level

1. Classify edges with p+I ⇠ z in red, p�I ⇠ 1 in blue, as z ! 1

pµb (z) =
�
zp+b ,

1
zp

�
b , p

?
b

�
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�
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1
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�
c , p

?
c

�

(1)

2. Get connected red and blue trees

R = B = (2)

独Proof at any multiplicity at tree level (highly nontrivial)

48



CROSSING CHECK FOR PENTAGON

(equivalent to s23 = 0), the integrals evaluate to10[MG: make these matrices look nicer]

I(34!215)
0 =

0

BBBBBBBBBBB@

�13 �i⇡13
7⇡2

12 13

⇣
7⇣3
3 + i⇡3

4
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13
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�73⇡4

1440 + 7i⇡⇣3
3

⌘
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�12 02
⇡2

1212
7⇣3
3 12

47⇡4

144012
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6 �14⇣3
3 � i⇡3
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240 � 14i⇡⇣3
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6 �20⇣3
3 � i⇡3

6 �7⇡4

144 � 14i⇡⇣3
3

22 02 �⇡2

2 12 �20⇣3
3 12 �43⇡4

720 12

2 2i⇡ �⇡2

2 �20⇣3
3 � i⇡3

6 �43⇡4

720 � 14i⇡⇣3
3

0 0 0 0 0

1

CCCCCCCCCCCA

·

0

BBBBB@

1

✏

✏2

✏3

✏4

1

CCCCCA
. (5.51)

It is worth noting that the top-sector integral is always zero. This observation is consistent

with the presence of a factor of
p

� in the numerator of I11 in (5.5), and the fact that P (6�2✏)

is finite on the surface � ⇠ (z � z̄)2 = 0.

Since the master integral vector has a simple structure at X0, we opt to use it as the

starting point in subsequent calculations.

Strategy The idea behind the subsequent two sections is to make use of the di↵erential

equation (see appendix C) shared by both crossed and un-crossed amplitudes, as well as their

cuts. Specifically, we begin by verifying the crossing equation at X0, and then proceed to

extend this verification to more general points in the kinematic space including other crossing

channels. To achieve this, we simply transport our base point by solving the di↵erential

equation order-by-order in ✏.

Crossing from one phase-space point Within the di↵erential equation approach, veri-

fying the crossing equation for 2 $ 3 at the base point at X0 involves checking whether

h
I(34!215)

0

i

2$3
�
h
I(24!315)

0

i⇤
+ Cuts51I

(34!215)
0

?
= 0. (5.52) {eq:crossingAtX0}{eq:crossingAtX0}

The first term on the left of (5.52) is obtained by direct integration

h
I(34!215)

0

i

2$3
= P exp

✓
✏

Z

�2$3

d⌦

◆
· I(34!215)

0 , (5.53) {eq:rot23}{eq:rot23}

where the path �2$3 implements the crossing through large arcs in the upper-half-plane. It

is parametrized by the angle 0 6 � 6 ⇡ such that

�2$3(�) :

(
s(�) = ei� |s| ,
s1(�) = ei� |s1| .

(5.54)

10
The notation nm denotes a constant array of length m with n as its element, where n is an integer.
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(equivalent to s23 = 0), the integrals evaluate to10[MG: make these matrices look nicer]
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is finite on the surface � ⇠ (z � z̄)2 = 0.

Since the master integral vector has a simple structure at X0, we opt to use it as the

starting point in subsequent calculations.

Strategy The idea behind the subsequent two sections is to make use of the di↵erential

equation (see appendix C) shared by both crossed and un-crossed amplitudes, as well as their

cuts. Specifically, we begin by verifying the crossing equation at X0, and then proceed to

extend this verification to more general points in the kinematic space including other crossing

channels. To achieve this, we simply transport our base point by solving the di↵erential

equation order-by-order in ✏.

Crossing from one phase-space point Within the di↵erential equation approach, veri-

fying the crossing equation for 2 $ 3 at the base point at X0 involves checking whether
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The first term on the left of (5.52) is obtained by direct integration

h
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where the path �2$3 implements the crossing through large arcs in the upper-half-plane. It

is parametrized by the angle 0 6 � 6 ⇡ such that

�2$3(�) :

(
s(�) = ei� |s| ,
s1(�) = ei� |s1| .

(5.54)

10
The notation nm denotes a constant array of length m with n as its element, where n is an integer.
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Performing the path-ordered integration gives
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Some properties of the crossing equation are apparent even at this intermediate stage: the

diagrams associated to the masters Ii with i 2 {2, 3, 4, 5, 8, 10} do not allow any s51-cut,

which is translated here by the amplitude being real after crossing.

Similarly, we find the second term on the left of (5.52) to evaluate to
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Finally, in order to check (5.52), it is necessary to compute the s51-cut of I and evaluate the

result at X0. Using the embedding space formalism outlined earlier, we obtain
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(5.57) {eq:cuts15}{eq:cuts15}

in generic kinematics, where sij,kl = sij � skl and F(Z) := 2F1 (1,�✏; 1 � ✏; 1 � Z). The dot

“•” indicates the computation of the pentagon cut is omitted, since it is su�cient to know it

vanishes at � = 0. Plugging (5.47) into (5.57) and evaluating the finite part of the result at

X0 in limit x ! 0 gives
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Performing the path-ordered integration gives
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Some properties of the crossing equation are apparent even at this intermediate stage: the

diagrams associated to the masters Ii with i 2 {2, 3, 4, 5, 8, 10} do not allow any s51-cut,

which is translated here by the amplitude being real after crossing.

Similarly, we find the second term on the left of (5.52) to evaluate to
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Finally, in order to check (5.52), it is necessary to compute the s51-cut of I and evaluate the

result at X0. Using the embedding space formalism outlined earlier, we obtain
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(5.57) {eq:cuts15}{eq:cuts15}

in generic kinematics, where sij,kl = sij � skl and F(Z) := 2F1 (1,�✏; 1 � ✏; 1 � Z). The dot

“•” indicates the computation of the pentagon cut is omitted, since it is su�cient to know it

vanishes at � = 0. Plugging (5.47) into (5.57) and evaluating the finite part of the result at

X0 in limit x ! 0 gives
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Performing the path-ordered integration gives
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Some properties of the crossing equation are apparent even at this intermediate stage: the

diagrams associated to the masters Ii with i 2 {2, 3, 4, 5, 8, 10} do not allow any s51-cut,

which is translated here by the amplitude being real after crossing.

Similarly, we find the second term on the left of (5.52) to evaluate to
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Finally, in order to check (5.52), it is necessary to compute the s51-cut of I and evaluate the

result at X0. Using the embedding space formalism outlined earlier, we obtain
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(5.57) {eq:cuts15}{eq:cuts15}

in generic kinematics, where sij,kl = sij � skl and F(Z) := 2F1 (1,�✏; 1 � ✏; 1 � Z). The dot

“•” indicates the computation of the pentagon cut is omitted, since it is su�cient to know it

vanishes at � = 0. Plugging (5.47) into (5.57) and evaluating the finite part of the result at

X0 in limit x ! 0 gives
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Figure 8: The crossing path (3.57) between the (multi-Regge) time-ordered amplitudes is

shown. The original and target channels are marked in red and blue, respectively. The three

intermediate paths in (3.57) are labeled by (i), (ii) and (iii). The central blob’s spikes denote

the 12 singular multi-Regge limits accessible within the channel with incoming particles 2

and 4. Each spike is tied to a pair of multi-Regge limits, which are mutually accessible

through a relabeling path. An incomplete selection of spikes for blobs associated with other

incoming particle pairs is also displayed. We move between disconnected blobs via two-

particle crossings.
{fig:twoMRKS}

To summarize, the 514  32 amplitude at the point D is obtained by transporting
~I
A
512 34 along the union of contours �A!D = �C!D � �B!C � �A!B , namely

~I
D
514 32 = P exp

✓
✏

Z

�A!D

d⌦

◆
· ~I

A
512 34

=

0

BBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCA

�1 �i⇡
7
12⇡

2 7
3⇣3 +

i
4⇡

3 7i
3 ⇡⇣3 �

73
1440⇡

4 1

�1 0 1
12⇡

2 7
3⇣3

47
1440⇡

4 2

�1 �i⇡
7
12⇡

2
�
7
3⇣3 +

i
4⇡

3
� �

7i
3 ⇡⇣3 �

73
1440⇡

4
�

2

2 2i⇡ �
7
6⇡

2
�
�
14
3 ⇣3 +

i
2⇡

3
� �

73
720⇡

4
�

14i
3 ⇡⇣3

�
2

2 2i⇡ �
3
2⇡

2
�
�
20
3 ⇣3 +

i
6⇡

3
�

�
�

43
720⇡

4 + 14i
3 ⇡⇣3

�
1

2 0 �
1
2⇡

2
�

20
3 ⇣3 �

43
720⇡

4 1

2 0 �
1
6⇡

2
�

14
3 ⇣3 �

47
720⇡

4 1

0 0 0 1
2⇡Li2 �

i
54⇡

3

9
65Li

2
2+

131i
9 ⇡2Li2+

97
520⇡Li3

� 11i
9 Li4+

7i
9 ⇡⇣3+

23
520⇡

4

� 69
520⇡

2 log2(3)� 13i
3 ⇡3 log(3)

1

.

(3.66)

We have verified that this result matches the direct evaluation of the bubbles and boxes
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EMISSION IN BLACK-HOLE SCATTERING

in one-loop computations

Waveform in LIGO-Virgo-KAGRA obtained as an in-in expectation value

[See also Brandhuber, Brown, Chen, De Angelis, Gowdy, Travaglini 2023; 
Herderschee, Roiban, Teng 2023; Elkhidir, O’Connell, Sergola, Vazquez-Holm 2023]
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Here, analytically continue the 5-pt amplitude

BH

BH

BH

BH

h

XS† S

BH3BH

BH
hBH

S†

BH

BH

BH

BH

h

XS† S

BH3BH

BH
hBH

S†

<latexit sha1_base64="mUyMkni+QPy7aSc8+UJxWlBh1us="></latexit>

A

<latexit sha1_base64="crqLdV3VtsJcQcBkvxe7nMwDb10="></latexit>

B

<latexit sha1_base64="iG/hEvVo7azYMEEJYgN2mgL4KxI="></latexit>

C

<latexit sha1_base64="Cr9FJ0P4BGfnYPk/j/NmLjysvwU="></latexit>

D

Figure 7:
fig:ABCD topologies
The one-loop topologies for the inclusive amplitude for a graviton in the back-

ground of scattering of two heavy scalars considered in this section. In the eikonal limit these

become a single topology (up to i"’s).

5.1 Setup

We use the same momentum labeling for the topologies in Fig. 7 as in Ref. [39], and shown

in Fig. 8. The diagrams in Fig. 7 correspond to the following family of integrals:
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(5.3) {5pt family}{5pt family}

where the expression is written for the A topology as indicated by the superscript, and �i"

should be added to each square bracket (to compute the conventional time-ordered ampli-

tude). We will sometimes leave the dependence on the ai implicit in cases where they do not

matter.

Master integrals for the other topologies are defined by simple permutations of p̄1, p̄2: B

by p̄1 ! �p̄1, C is obtained by by p̄2 ! �p̄2, and D by p̄1 ! �p̄1, p̄2 ! �p̄2. The fact that

permutations act simply on p̄
µ

i
= 1

2
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0

i
)µ makes these variables particularly convenient for

eikonal expansions, as emphasized in [39, 40]. In this notation, the total scattering amplitude

can be written as
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(5.4) {amp 4 terms}{amp 4 terms}

where the sum in i runs over some basis of master integrals given by the G
A

i
, and ci are their

coe�cients.8

When computing the in-in expectation value Expk, we need to add to the scattering am-

plitude the contribution from the Cut1020 term in (5.2). In fact, out of the one-loop topologies

shown in Fig. 7, only D admits a cut in this channel. This was previously exemplified in

Sections 3.2 and 4.5. Thus, for the A, B and C topologies, there is actually no di↵erence

8
Integrals with a2 6 0 or a5 6 0 can be viewed as members of several topologies. To keep the notation

uniform, we will assume with no loss of generality that the corresponding ci’s have been chosen so that (5.4)

holds.
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