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Soft theorems

® The behavior of scattering amplitudes when the momentum
of a particle is small is often universal
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® Earliest example: Soft photon theorem  [Low; Burnett, Kroll; Weinberg]

“leading” “subleading”
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similar for soft gluons, gravitons, pions



Perspectives on soft theorems

Symmetry Effective field theory
“Soft theorems are a “Soft theorems are EFT of
consequence of symmetry” long-wavelenght modes”
e.g. asymptotic (photons, iq e.g. factorization, ultrasoft

gravitons), spontaneously
broken (pions)

decoupling in SCET

Geometry

This talk




Soft Nambu-Goldstone Bosons

® Spontaneous symmetry breaking implies existence of NGB
7% = 1+ v + O(n°) ji = 0,7 + O(n?)

® Also current algebra constrains their dynamics via soft theorems
: b b :
0-j*(x)j,(y) ~ [z —y)i,(y)
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Soft moduli?

Many of our favorite theories have moduli spaces of vacua,
parameterized by v.e.v of massless scalars

e.g., N=4 Coulomb branch (®')

Protected by symmetry but not always spontaneously broken
(e.g. SUSY moduli spaces)

Q: What is the general meaning of soft limits of scalar moduli?

A: They encode the geometry of the moduli space!



Outline

® Amplitudes & geometry of moduli
® Geometric soft theorems

® Beyond scalars



Amplitudes &
geometry of modul



Review: Geometry of fields

® Scalar fields take values in a target space manifold

® Lagrangian can be organized by derivative order
2917(9)0,0' "0’ — V(@) + A1y ()9, P 0" D70,0" VD" + - - - |
® Field redefinitions = changes of coordinates &' = &/ (')

oo
57 On®
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® Couplings are tensors in the target space

e.g. two-derivative = metric

HPE HpL o

gIJ((I)) — b1 9P’ gKL((I)/) (I),

Familiar from world-sheet, but more general for EFT of moduli in D>2.



Geometry of amplitudes

® Amplitudes defined by expanding around VEV = &! = ¢! + ¢!

® Do not depend on field basis ¢ — ¢ + ef ()

58S : .
S(¢) — S(¢) + @ef(@ . equations of motion

O<p2_m2_|_...

but on a choice of frame (p'|¢” (2)]0) = ' (v)eP®
'3
wavefunction ren.

® Must be a function of geometric invariants on 1> |

_ . Rijkl(v)
e.g. curvature of metric connection on 1’2
[Volkov; Dixon, Kaplunovsky, Louis] vaijkl(v)



Examples at tree level

1
. ° = I ,LL J
® Two-derivative  5915(®)9,2°9"®
A217127/314 — R’61@312Z4 834 _|_ R7/1@2237f4 824,
Ai1i2i3i4i5 _ vis Ri1i4i2i5 Sus + vi4Ri1i3i2i5 S35 + V’i4Ri1i2i3i5 Sor
_|_ v%5R212312Z4834 _|_ V’L5RZ1’6213%4 (824 _|_ 845),
A%112z3z47,5z6 — % (R7,1237,23812 14 R'legz;nglS) (R ’L6Z5Z4 S46 T le5z6z4845)
5123
211312 1 1112137 1 16151 15161
108 (R 123 2‘7(812 . 68123) 4+ R 3‘7(813 . 68123)) (Rj 61524 _|_Rj 526 4)

T 9_10R11’L6253Rj221324813 i 8_1Ovz6v25 R21z22324813 + perm .

® Four-derivative  Arykrn(®)9,®'0"®79,2" 0" "

A21’1,2Z3’L4 — %812834)\1122?,324 _|_ %813824)\1123%224 _"_ %823814)\12137,114 :
A7,1127,3Z4z5 — %812834V7’5 )\11222324 s 1313324VZ5 )\7,1237,224 i l823814vz5 )\@2@3@114

_|_ 523845v11)\12’63l4%5_|_ 824835v21)\1224%325 _|_ 834825v21)\13241215
i2 \1113%4% i \ 1114134 P9 \ 1394111

+ 2513845 V2NN Loy 955 VNI 4 L g g15 VP2 N8I
1 23 \ 2112241 1 23 \ 2124291 1 23 \ 1974111

+ 5512545v 3)\'1t2tat 5814825V 3 )\1ta2t5 5324515v 3 )\!2%4%1%5

s 5812835V7’4)\Z”2%37’5 i 5313825v14)\1123z225 1+ %{923815V7’4)\127’37’”5



Geometric soft theorems

[Cheung, Helset, JPM]



New soft scalar theorem

q—0

\VAAVAZS O
lim AJL it = VIAL 4y e <1+q“ H)A?ﬁ"'

subleading leading

Intuition:

2
lim A, ~ (v _vm )An

q—0 p2 — m2
/' '\ v -
“Derivative w.r.t. VEV” “on-shell connection”



Examples

® Two derivatives
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® Four derivatives
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Examples

® Two derivatives
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Some comments

® Precise encoding of the intuition: “Soft scalar = shift of VEV”

—

soft limit

® Proof is simple by treating VEV as a spurion
® Valid for any massless scalar, not only NGB

® Challenges common lore = soft scalar theorems iff SSB

® No symmetry required! soft theorems move us around
space of vacua instead.

(Celestial interpretation in: [Kapec, Law, Narayanan])



Double soft measures curvature

® Consecutive double soft

. . i1 iniaip i i TR iaipie G Gerin,
[hlrm,hm]AnBr2 b= [V, VA = g RPatble, AL

a—0 0
da—U qp— ctab
® Simultaneous double soft

Sac — Sbe i i o in) Ady e
Z ac chazbzcchzl Je Zn_I_V(Zava)A%l in

: il"’iniaib -
lim An+2 —
c£a,b Sac + Sbe

qa,qb—0
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® Difference: which path in field space




Exploring moduli space

® Geometric (multi)soft theorem lets us move around moduli space

U

-‘ N
. L
& .
& .
L) .

N

® Requires knowledge of all amplitudes at given point in moduli space

® Converse enables soft recursion relations (ask me later)



Geometry of symmetry

® Symmetry = Killing vector

o - o4+ K (P)

gri(®) —  gr7(®) + Lxgri(P)

® Ward identity

Lic Al in = K VPAR I =N W Kl AjlJein = 0

a=1

® Makes soft theorem multiplicative

lim /C; A:zl—l—l ZvjaKi“Af?}”'j“'”i”

—0
1 a=1



Example: non-symmetric NBG

[Kampf, Novotny, Shifman, Trnka; Cheung, Helset, JPM]

® Spontaneously broken global symmetry

® Coset space G/H

X, X

® Soft theorem hm A:L1+1

® Symmetric coset (X — — X’ ) = Adler zero hm An—l—l —

Tas To
[7;7‘){’&
] = fii%Ta + fi;" X

— fabc7-ca
— fa’i,ija

mn
_l . ’ia’i Zl]azn
2 : :f]a An
a=1

\VX
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Example: soft dilaton  (caien

® Spontaneously broken spacetime symmetry - scale invariance

®
® Dilaton (NGB) = flat direction in moduli space Vgp — 8@

® New proof of soft dilaton theorem

- 0
(f908<¢> -+ Zpg 6’p“) A= (D — ’rLA)A
a=1 a

1 - %,
: _ _ _ _ p
;m(l) App1 =0y An = 7. (D nA E ph 8}95) A,

a=1

also works with masses!



Beyond scalars



Review: Coupling to matter

® Fermions specify vector bundle over moduli space Vf — D]

_ JERN _

hpg (@) 0 @ + Qpgr ()90, !
T t

fiber metricon Vy connection on Vs

® Similarly, vectors live in )/, — 3. with a metric %h;lB(cb)FA A xFP

® Supersymmetry, among other things, can imply Vf ~ VY, ~ T

Do soft moduli realize this geometry?



Soft scalars with matter

® Soft theorem works!

lim Ap41 = VA, = (V+Q+ Vh) A4,

q—0
T

connectionon T3 ® V¢ BV,

® Charged scalars more involved: gives a version of Goldstone boson
equivalence theorem.

® E.g. dipole coupling in D=4 DPQA(CI))(ZEPO“VZDQ)W:XV

Az =(13)(23) DM,
ARI®M =(13)(23) V' DP1°



Photon as NG boson
® Modern perspective: photon NG boson for U (1)) x U(1)Y

e.g. electric 1-form symmetry

A, —A,+A, A, Flat connection

® Just like for pions, conserved current interpolates photon

J,L(Llu) = O Ay + O(A%)

® Symmetry is broken by charged matter



Soft photon

® |n the absence of charged matter there is indeed an
“Adler zero”

q~—0

® A bit boring, because higher-form symmetries abelian,
and often only emergent

® Double soft gets interesting for two-group

0 -3 (2)ib (y) ~ f6(x — )i (y) + f*0"5(x — y) T (y)

Nogr




Soft photon

® |n the presence of charged matter

lim An—l—lzz L [E'pa+€°Ja°Q]An

q°'Pa

a

® Both masslessness of photon and usual soft photon
theorem stems from robustness of one-form symmetry

5L = A, O* I\ = ju

® |ntuition: Space of vacua still parameterized by fl“



(Geometric soft photon

® Geometric proof with AM as a spurion yields

lim A,, 11 ~ V+F

q—0
D=0+qA / \ Three-point vertex
5 V¥ , i .
p — _ €Pa
= 2 e ap da g2 (14 Pa - 57

Note: space of vacua flat in this case



A general soft theorem?

Generalize the intuition:

qg—0
“Soft particle = derivative 3pt-vertex “on-
w.r.t. flat background” shell connection”

Does this work?



Conclusions

® Geometric perspective gives new and general soft
theorems for scalar moduli beyond NG bosons

® Hints of general organizing principle for general soft
theorems. Can we make this precise? Find new ones?
Soft fermions beyond goldstino?

® Could enable new on-shell perspective of non-
renormalization theorems

® Geometry perspective useful for SMEFT, soft recursion?
[Helset, Trott, Alonso, Manohar, Jenkins, ....]

® |mportant question remains: Systematic way to move a
finite distance in moduli space? Infinite? Massive
amplitudes from massless amplitudes?



Thank you!



(Geometric soft recursion

® Recursion with soft-subtractions
[Cheung, Kampf, Novotny, Shen, Trnka; Luo, Wen] ® X @

An(O):QLm?{iZFA ,Z; ZRQS =7a <z?}z:()2)> w

® Soft theorem enables on-shell recursion a=1
[Cheung, Helset, JPM]

zt z 7 io An—1(1/cq
An<0>=Z(1fZi/:§R( ()+)+(Z+HZ5)+ZV“A )

® Seed of the recursion is four-
point amplitude at every VEV




