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Soft theorems

• The behavior of sca>ering amplitudes when the momentum 
of a parAcle is small is oBen universal

• Earliest example: SoB photon theorem
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[Low; Burne>, Kroll; Weinberg]

similar for soB gluons, gravitons, pions

“leading” “subleading”
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This talk

Perspectives on soft theorems

Symmetry Effec*ve field theory

“SoB theorems are a 
consequence of symmetry”

e.g. asymptoAc (photons, 
gravitons), spontaneously 

broken (pions)

“SoB theorems are EFT of 
long-wavelenght modes”

e.g. factorizaAon, ultrasoB 
decoupling in SCET

Geometry
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Soft Nambu-Goldstone Bosons

• Also current algebra constrains their dynamics via soB theorems
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• Spontaneous symmetry breaking implies existence of NGB
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Soft moduli?
Many of our favorite theories have moduli spaces of vacua, 
parameterized by v.e.v of massless scalars

Protected by symmetry but not always spontaneously broken 
(e.g. SUSY moduli spaces)

e.g., N=4 Coulomb branch
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Q: What is the general meaning of soC limits of scalar moduli?

A: They encode the geometry of the moduli space!



Outline

•Amplitudes & geometry of moduli 

•Geometric soB theorems 

•Beyond scalars



Amplitudes & 
geometry of moduli 



• Scalar fields take values in a target space manifold 

Review: Geometry of fields

• Field redefiniAons = changes of coordinates
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• Lagrangian can be organized by derivaAve order
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• Couplings are tensors in the target space
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e.g. two-derivaAve = metric
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Familiar from world-sheet,  but more general for EFT of moduli in D>2.



• Amplitudes defined by expanding around VEV

Geometry of amplitudes
<latexit sha1_base64="kYaD8ZI56WM6aKdjCM8Agg2y/Vo="></latexit>

�I = vI + �I

• Do not depend on field basis
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• Must be a funcAon of geometric invariants on            !

e.g. curvature of metric connecAon on 
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but on a choice of frame
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Examples at tree level
•Two-derivaAve
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•Four-derivaAve
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Geometric soft theorems
[Cheung, Helset, JPM]



New soft scalar theorem
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Examples
• Two derivaAves

• Four derivaAves
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Examples
• Two derivaAves

• Four derivaAves
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5 = ri3Ri1i4i2i5s45 +ri4Ri1i3i2i5s35 +ri4Ri1i2i3i5s25

+ri5Ri1i3i2i4s34 +ri5Ri1i2i3i4(s24 + s45)

0 0 0

0<latexit sha1_base64="tXJ3f1DvGG2dBLk4Ty3H72lYHJ4="></latexit>

= ri5(Ri1i3i2i4s34 +Ri1i2i3i4s24)

<latexit sha1_base64="LalKF5jb5f1QS0o2MoqA3jKw+Wo="></latexit>

Ai1i2i3i4
4,� = 1

2s12s34�
i1i2i3i4 + 1

2s13s24�
i1i3i2i4 + 1

2s23s14�
i2i3i1i4 ,

Ai1i2i3i4i5
5,� = 1

2s12s34r
i5�i1i2i3i4 + 1

2s13s24r
i5�i1i3i2i4 + 1

2s23s14r
i5�i2i3i1i4

+ 1
2s23s45r

i1�i2i3i4i5 + 1
2s24s35r

i1�i2i4i3i5 + 1
2s34s25r

i1�i3i4i2i5

+ 1
2s13s45r

i2�i1i3i4i5 + 1
2s14s35r

i2�i1i4i3i5 + 1
2s34s15r

i2�i3i4i1i5

+ 1
2s12s45r

i3�i1i2i4i5 + 1
2s14s25r

i3�i1i4i2i5 + 1
2s24s15r

i3�i2i4i1i5

+ 1
2s12s35r

i4�i1i2i3i5 + 1
2s13s25r

i4�i1i3i2i5 + 1
2s23s15r

i4�i2i3i1i5

0
0
0
0

<latexit sha1_base64="VyoQ58PNckFro5jIDtr1tVobNWc="></latexit>

Ai1i2i3i4
4 = Ri1i3i2i4s34 +Ri1i2i3i4s24,

Ai1i2i3i4i5
5 = ri3Ri1i4i2i5s45 +ri4Ri1i3i2i5s35 +ri4Ri1i2i3i5s25

+ri5Ri1i3i2i4s34 +ri5Ri1i2i3i4(s24 + s45),

Ai1i2i3i4i5i6
6 =� 1

72

�
Ri1i3i2js12 +Ri1i2i3js13

� 1

s123

�
R i6i5i4

j s46 +R i5i6i4
j s45

�

+ 1
108

�
Ri1i3i2j(s12 � 1

6s123) +Ri1i2i3j(s13 � 1
6s123)

� �
R i6i5i4

j +R i5i6i4
j

�

+ 1
90R

i1i6i5jR i2i3i4
j s13 +

1
80r

i6ri5Ri1i2i3i4s13 + perm .



Some comments

•Valid for any massless scalar, not only NGB

•Precise encoding of the intuiAon: “SoB scalar = shiB of VEV”

<latexit sha1_base64="CmgU/Pxo+GZ8mZEaHvp4M8VzFOk="></latexit>v
<latexit sha1_base64="svfsrGNC199Kn4kI6hxAkTZKY3Y="></latexit>

v + �

soB limit

•No symmetry required! soB theorems move us around 
space of vacua instead.

•Challenges common lore = soB scalar theorems iff SSB

•Proof is simple by treaAng VEV as a spurion

(CelesAal interpretaAon in: [Kapec, Law, Narayanan])



Double soft measures curvature

• Simultaneous double soB

• Difference: which path in field space

• ConsecuAve double soB

<latexit sha1_base64="ww05irbxmD8PR8y7r/c7Kx+MAwc="></latexit>
lim
qa!0

, lim
qb!0

�
Ai1···iniaib

n+2 = [ria ,rib ]Ai1···in
n =

X

c 6=a,b

Riaibic
jcA

i1···jc···in
n

<latexit sha1_base64="po7XZ8Zco9xucSMy+KXu90+K/Vk="></latexit>

lim
qa,qb!0

Ai1···iniaib
n+2 = 1

2

X

c 6=a,b

sac � sbc
sac + sbc

Riaibic
jcA

i1···jc···in
n +r(iarib)Ai1···in

n

<latexit sha1_base64="CmgU/Pxo+GZ8mZEaHvp4M8VzFOk="></latexit>v
<latexit sha1_base64="2wCJrH7ukOzZxytiz7ZYSiSZCqg="></latexit>

v0



Exploring moduli space
• Geometric (mulA)soB theorem lets us move around moduli space 

• Requires knowledge of all amplitudes at given point in moduli space 

• Converse enables soB recursion relaAons (ask me later) 



Geometry of symmetry

• Makes soB theorem mulAplicaAve

• Ward idenAty

• Symmetry = Killing vector
<latexit sha1_base64="wcLj6OAt00yszNj/M0HA8SjsLVU="></latexit>

�I ! �I +KI(�)
<latexit sha1_base64="8RdunwngIAzVDVKx/FRwMN8KEB8="></latexit>

gIJ(�) ! gIJ(�) + LKgIJ(�)

<latexit sha1_base64="AUA7c+xyRh3/VSVNn3exVkCv41E="></latexit>

LKA
i1···in
n = KiriAi1···in

n �
nX

a=1

rjaKiaAi1···ja···in
n = 0

<latexit sha1_base64="DacDB5v8M7mbxqH/wtJqZ+kKAlE="></latexit>

lim
q!0

KiA
i1···ini
n+1 =

nX

a=1

rjaKiaAi1···ja···in
n



Example: non-symmetric NBG

• SoB theorem

• Coset space
<latexit sha1_base64="C32QJLdz+GH7jUvypFxbKydFdeM="></latexit>

[Ta, Tb] = fab
cTc ,

[Ta,Xi] = fai
jXj ,

[Xi,Xj ] = fij
aTa + fij

kXk

<latexit sha1_base64="9msRj6i0XKgnEDHxxsd2gWaGfns="></latexit>

G/H

<latexit sha1_base64="z2Qc5Fxy8l6WldK47Bg3XGhm5kw="></latexit>

lim
q!0

Ai1...ini
n+1 = � 1

2

nX

a=1

fja
iaiAi1···ja···in

n

• Symmetric coset (                     ) = Adler zero
<latexit sha1_base64="0rAlG8vn1qbwQGFLZQ0GWZrJYsE="></latexit>X ! �X

<latexit sha1_base64="i1U6eRU66r2QUIoppKQlSgDj/Fg="></latexit>

lim
q!0

Ai1...ini
n+1 = 0

• Spontaneously broken global symmetry

<latexit sha1_base64="TzYBUQRQBpr5kvMPk2KJSrXTfRo=">AAACCHicbVDLSsNAFJ3UV62PRl26GSyCq5JIUZdFNy4r2Ac0odxMJ+3QySTMTIQS8gP+glvduxO3/oVbv8Rpm4VtPXDhcM69nMsJEs6Udpxvq7SxubW9U96t7O0fHFbto+OOilNJaJvEPJa9ABTlTNC2ZprTXiIpRAGn3WByN/O7T1QqFotHPU2oH8FIsJAR0EYa2FVPQMABZx4Bjnv5wK45dWcOvE7cgtRQgdbA/vGGMUkjKjThoFTfdRLtZyA1I5zmFS9VNAEygRHtGyogosrP5o/n+NwoQxzG0ozQeK7+vcggUmoaBWYzAj1Wq95M/M/rpzq88TMmklRTQRZBYcqxjvGsBTxkkhLNp4YAkcz8iskYJBBtulpKCaK8YkpxVytYJ53LuntVbzw0as3bop4yOkVn6AK56Bo10T1qoTYiKEUv6BW9Wc/Wu/VhfS5WS1Zxc4KWYH39Ap94mWY=</latexit>rX

[Kampf, Novotny, Shifman, Trnka; Cheung, Helset, JPM]



Example: soft dilaton

• Spontaneously broken spaceAme symmetry - scale invariance

• Dilaton (NGB) = flat direcAon in moduli space
<latexit sha1_base64="+ALCm950TvichQ8tDIvqvJhLBy0=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCrsS1EYI2lhGMA/ILuHuZJIMmZ1dZmYDIaT2J/wFW+3txNbG1i9xNlnBJB64cDjn3rlzTxBzprTjfFm5ldW19Y38ZmFre2d3z94/qKsokYTWSMQj2QxAUc4ErWmmOW3GkkIYcNoIBrep3xhSqVgkHvQopn4IPcG6jIA2Uts+9gQEHNreEGTcZ/gaezFIzYD/Sm276JScKfAycTNSRBmqbfvb60QkCanQhINSLdeJtT9OXyWcTgpeomgMZAA92jJUQEiVP56eMsGnRungbiRNCY2n6t+JMYRKjcLAdIag+2rRS8X/vFaiu1f+mIk40VSQ2aJuwrGOcJoL7jBJieYjQ4BIZv6KSR8kEG3Sm9sShJOCCcVdjGCZ1M9L7kWpfF8uVm6yePLoCJ2gM+SiS1RBd6iKaoigR/SMXtCr9WS9We/Wx6w1Z2Uzh2gO1ucPPd+hTg==</latexit>

r' = @'

<latexit sha1_base64="4qXXDgErbmgd5rqk8VCSbRlv8Q8="></latexit>

lim
q!0

An+1 = @h'iAn =
1

f'

 
D � n��

nX

a=1

pµa
@

@pµa

!
An

• New proof of soB dilaton theorem
<latexit sha1_base64="6rCBvRvckIx6+hM2b0ah6DOZppg="></latexit> 
f'@h'i +

nX

a=1

pµa
@

@pµa

!
A = (D � n�)A

also works with masses!

<latexit sha1_base64="BN3pH91OAGnzPYpTtJv0Fn++shI=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTJ7t6xuxcIR8C/YKu9ndj6V2z9JW4uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsb3c789oUqzSD6ZaUx9gYeShYxgY6V2b4JVPGL9csWtuhnQOvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwums1Es0jTEZ4yHtWiqxoNpPs3Nn6MIqAxRGypY0KFP/TqRYaD0Vge0U2Iz0qjcX//O6iQlv/ZTJODFUksWiMOHIRGj+OxowRYnhU0swUczeisgIK0yMTWhpSyBmJRuKtxrBOmldVb3rau2xVqnf5fEU4QzO4RI8uIE6PEADmkBgDC/wCm/Os/PufDifi9aCk8+cwhKcr1/TxJZV</latexit>'

[Callan]



Beyond scalars



• Fermions specify vector bundle over moduli space 

Review: Coupling to matter

<latexit sha1_base64="qcSys1oQiMfs9+3AHtjkNB22i90="></latexit>

hPQ(�) ̄
P �µ
 !
@ µ 

Q + ⌦PQI(�) ̄
P �µ Q@µ�

I

fiber metric on connecAon on

• Similarly, vectors live in                      with a metric

<latexit sha1_base64="zRDpS2HhrgAbOcZhdkMUDp5Ymco="></latexit>Vf ! ⌃

<latexit sha1_base64="4dTIe17mdKxUmdJ/e3XoxmbKINw="></latexit>Vf ⇠ Vv ⇠ T⌃

<latexit sha1_base64="DqbB9//j4tjlGr6PNJw+6earlB4="></latexit>Vf
<latexit sha1_base64="DqbB9//j4tjlGr6PNJw+6earlB4="></latexit>Vf

<latexit sha1_base64="sEKZqlPxenHQw/3lnpaVmiWN/ls="></latexit>Vv ! ⌃
<latexit sha1_base64="Cz3i3eXxTww7sasTLXss65s2W0s="></latexit>

1

2
h0
AB(�)F

A ^ ?FB

• Supersymmetry, among other things, can imply

Do soB moduli realize this geometry?



Soft scalars with matter

• E.g. dipole coupling in D=4
<latexit sha1_base64="CR8uuYPWqc4gLo/YaAiSzvv0Kzg="></latexit>

DPQA(�)( ̄
P�µ⌫ Q)WA

µ⌫

• SoB theorem works!

• Charged scalars more involved: gives a version of Goldstone boson 
equivalence theorem.

<latexit sha1_base64="MfbW4TA39BObLNPrmb/6Bq1TSdU="></latexit>

lim
q!0

An+1 = r̄An = (r+ ⌦+rh)An

<latexit sha1_base64="8QI/gt2JTXUbBo2sJfPbH8M8+80="></latexit>

Apqa
3 =h13ih23iDpqa,

Apqai4
4 =h13ih23ir̄iiDpqa,

<latexit sha1_base64="GHbBubwTzH252bq3eiT34HcZAgY="></latexit>

T⌃� Vf � VvconnecAon on



•Modern perspecAve: photon NG boson for 

Photon as NG boson
<latexit sha1_base64="zkGXRG1NLCo6OOd0bsHgk/p+EBo=">AAACGXicbVA7T8MwGHTKq5RXgJHFokIqS5UgXmMFC2ORSFupDZHjOq1V24lsB6mKuvIn+AussLMhViZWfglum6EPTrJ1uvs+nX1hwqjSjvNjFVZW19Y3ipulre2d3T17/6Ch4lRi4uGYxbIVIkUYFcTTVDPSSiRBPGSkGQ5ux37ziUhFY/GghwnxOeoJGlGMtJECG3oV9/QxM9coILCjKSdqVuOBXXaqzgRwmbg5KYMc9cD+7XRjnHIiNGZIqbbrJNrPkNQUMzIqdVJFEoQHqEfahgpkEv1s8pMRPDFKF0axNEdoOFFnNzLElRry0ExypPtq0RuL/3ntVEfXfkZFkmoi8DQoShnUMRzXArtUEqzZ0BCEJTVvhbiPJMLalDeXEvJRyZTiLlawTBpnVfeyenF/Xq7d5PUUwRE4BhXggitQA3egDjyAwTN4BW/g3XqxPqxP62s6WrDynUMwB+v7Dylinkc=</latexit>

U(1)(1)e ⇥ U(1)(1)m

<latexit sha1_base64="fZCZc3NZMOIwhmGcAxCTITGSB9c="></latexit>

J (1)
µ⌫ = @[µA⌫] +O(A2)

e.g. electric 1-form symmetry

<latexit sha1_base64="BdfePwbe9YYGSTb7sMsqOtfcpFs="></latexit>

Aµ ! Aµ + Āµ

<latexit sha1_base64="cRruTqr34duqbpfqxZEsY5EeNr0="></latexit>

Āµ Flat connecAon

• Just like for pions, conserved current interpolates photon

• Symmetry is broken by charged ma>er



Soft photon
•In the absence of charged ma>er there is indeed an 

“Adler zero”

•A bit boring, because higher-form symmetries abelian, 
and oBen only emergent

•Double soB gets interesAng for two-group
<latexit sha1_base64="r/Lbs2A0IxPV8E1Ed2yBBS9+/l8="></latexit>

@ · ja(x)jbµ(y) ⇠ fabc�(x� y)jcµ(y) + fab�@µ�(x� y)J (1)
µ⌫ (y)

<latexit sha1_base64="bR+JKm4/eGXLrCn0SwtOS+66BHE=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAoQpgRt4sQ9eIxgomBTBhqOp2kSXfP2N2jhGG+wZ/wF7zq3Zt4Ejz5JXaWg9uDgsd7VVTVC2POtHHddyc3NT0zO5efLywsLi2vFFfX6jpKFKE1EvFINULQlDNJa4YZThuxoiBCTq/D/vnQv76lSrNIXplBTFsCupJ1GAFjpaC4g33ORJDeBH4XhABfsW7PgFLRHXYzfBqkctfL8Al2g2LJLbsj4L/Em5ASmqAaFD/9dkQSQaUhHLRuem5sWikowwinWcFPNI2B9KFLm5ZKEFS30tFLGd6ySht3ImVLGjxSv0+kILQeiNB2CjA9/dsbiv95zcR0jlspk3FiqCTjRZ2EYxPhYT64zRQlhg8sAaKYvRWTHiggxqb4Y0sosoINxfsdwV9S3yt7h+WDy/1S5WwSTx5toE20jTx0hCroAlVRDRF0jx7RE3p2HpwX59V5G7fmnMnMOvoB5+MLl16jXQ==</latexit>

lim
q�!0

An+1 = 0

<latexit sha1_base64="cM+Tja5R9wXqRRVgmjeb4xTKuRY=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbymQ6aYfOTMLMRCghv+BW9+7ErR/j1i9x0mZhWw9cOJxzL/feE8ScaeO6305pbX1jc6u8XdnZ3ds/qB4etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJve533mmSrNIPplpTH2BR5KFjGCTS/2YVQbVmlt3Z0CrxCtIDQo0B9Wf/jAiiaDSEI617nlubPwUK8MIp1mln2gaYzLBI9qzVGJBtZ/Obs3QmVWGKIyULWnQTP07kWKh9VQEtlNgM9bLXi7+5/USE976KZNxYqgk80VhwpGJUP44GjJFieFTSzBRzN6KyBgrTIyNZ2FLILI8FG85glXSvqh71/Wrx8ta466IpwwncArn4MENNOABmtACAmN4gVd4czLn3flwPuetJaeYOYYFOF+/wy6UkQ==</latexit>⇡

<latexit sha1_base64="GktBCIyfZjfYUF2DCuObyWiagxo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kkgyZ2V1mZoWwBPwFr3r3Jl79Fa9+ibPJHkxiQUNR1U13VxALro3rfjsrq2vrG5uFreL2zu7efungsKGjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGN1lfvOJKc2j8NGMY+ZLHIS8zykaKzU7A5QSi91S2a24U5Bl4uWkDDlq3dJPpxfRRLLQUIFatz03Nn6KynAq2KTYSTSLkY5wwNqWhiiZ9tPpuRNyapUe6UfKVmjIVP07kaLUeiwD2ynRDPWil4n/ee3E9G/8lIdxYlhIZ4v6iSAmItnvpMcVo0aMLUGquL2V0CEqpMYmNLclkJMsFG8xgmXSOK94V5XLh4ty9TaPpwDHcAJn4ME1VOEealAHCiN4gVd4c56dd+fD+Zy1rjj5zBHMwfn6BQ5rldk=</latexit>�

<latexit sha1_base64="cM+Tja5R9wXqRRVgmjeb4xTKuRY=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbymQ6aYfOTMLMRCghv+BW9+7ErR/j1i9x0mZhWw9cOJxzL/feE8ScaeO6305pbX1jc6u8XdnZ3ds/qB4etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJve533mmSrNIPplpTH2BR5KFjGCTS/2YVQbVmlt3Z0CrxCtIDQo0B9Wf/jAiiaDSEI617nlubPwUK8MIp1mln2gaYzLBI9qzVGJBtZ/Obs3QmVWGKIyULWnQTP07kWKh9VQEtlNgM9bLXi7+5/USE976KZNxYqgk80VhwpGJUP44GjJFieFTSzBRzN6KyBgrTIyNZ2FLILI8FG85glXSvqh71/Wrx8ta466IpwwncArn4MENNOABmtACAmN4gVd4czLn3flwPuetJaeYOYYFOF+/wy6UkQ==</latexit>⇡

<latexit sha1_base64="cM+Tja5R9wXqRRVgmjeb4xTKuRY=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbymQ6aYfOTMLMRCghv+BW9+7ErR/j1i9x0mZhWw9cOJxzL/feE8ScaeO6305pbX1jc6u8XdnZ3ds/qB4etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJve533mmSrNIPplpTH2BR5KFjGCTS/2YVQbVmlt3Z0CrxCtIDQo0B9Wf/jAiiaDSEI617nlubPwUK8MIp1mln2gaYzLBI9qzVGJBtZ/Obs3QmVWGKIyULWnQTP07kWKh9VQEtlNgM9bLXi7+5/USE976KZNxYqgk80VhwpGJUP44GjJFieFTSzBRzN6KyBgrTIyNZ2FLILI8FG85glXSvqh71/Wrx8ta466IpwwncArn4MENNOABmtACAmN4gVd4czLn3flwPuetJaeYOYYFOF+/wy6UkQ==</latexit>⇡



Soft photon
•In the presence of charged ma>er

•Both masslessness of photon and usual soB photon 
theorem stems from robustness of one-form symmetry

<latexit sha1_base64="TOkrrsXMLtxkuH4UAU4gpqu6JV4="></latexit>

lim
q�!0

An+1 =
X

a

qa
q·pa

[✏ · pa + ✏ · Ja · q]An

<latexit sha1_base64="DW8KfFnODIhjAkhz+8IT8C2UkJk=">AAACHHicbVC7TsMwFHXKq5RXgZHFokJiqhLEa0EqsDAwFIk+pCZUN67bmtpJZDtIVZQP4Cf4BVbY2RArEitfgtN2oIUj2To651xd+/gRZ0rb9peVm5tfWFzKLxdWVtfWN4qbW3UVxpLQGgl5KJs+KMpZQGuaaU6bkaQgfE4b/uAy8xsPVCoWBrd6GFFPQC9gXUZAG6ldLLkdyjXgxCXA8XWKz7Drg8TnbVfE+P4uu03KLtsj4L/EmZASmqDaLn67nZDEggaacFCq5diR9hKQmhFO04IbKxoBGUCPtgwNQFDlJaPPpHjPKB3cDaU5gcYj9fdEAkKpofBNUoDuq1kvE//zWrHunnoJC6JY04CMF3VjjnWIs2Zwh0lKNB8aAkQy81ZM+iCBaNPf1BZfpAVTijNbwV9SPyg7x+Wjm8NS5WJSTx7toF20jxx0giroClVRDRH0iJ7RC3q1nqw36936GEdz1mRmG03B+vwBKKmggQ==</latexit>

�L = Āµj
µ

•IntuiAon: Space of vacua sAll parameterized by

<latexit sha1_base64="QN3GsQI7s/CGdZESF7EjajHgQVg=">AAACHnicbVDLTgIxFO3gC/GFunTTSEhwQ2aMr40J0Y1xhYk8EgYmnVKg0nYmbceETOYL/Al/wa3u3Rm3uvVL7AALAU/S5PSce3Pa44eMKm3b31ZmaXlldS27ntvY3Nreye/u1VUQSUxqOGCBbPpIEUYFqWmqGWmGkiDuM9Lwh9ep33gkUtFA3OtRSNoc9QXtUYy0kbx80Q2R1BSxjssjeNuJS85R4sXm4ooogZfwwTPEyxfssj0GXCTOlBTAFFUv/+N2AxxxIjRmSKmWY4e6HadRmJEk50aKhAgPUZ+0DBWIE9WOx99JYNEoXdgLpDlCw7H6dyNGXKkR980kR3qg5r1U/M9rRbp30Y6pCCNNBJ4E9SIGdQDTbmCXSoI1GxmCsKTmrRAPkERYmwZnUnye5EwpznwFi6R+XHbOyqd3J4XK1bSeLDgAh6AEHHAOKuAGVEENYPAEXsAreLOerXfrw/qcjGas6c4+mIH19QtUx6JN</latexit>

@µJ (1)
µ⌫ = j⌫

<latexit sha1_base64="lTwzJdEOQaGFbufZTVeNuKlorNo=">AAACAXicbVC7TgMxENzjGcIrQEljESFRRXeIVxmgoQwSeYjcKfI5vsSK7TvZPqTolIpfoIWeDtHyJbR8CU5yBUkYaaXRzK52d8KEM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dp4rQOol5rFoh1pQzSeuGGU5biaJYhJw2w8Ht2G8+UaVZLB/MMKGBwD3JIkawsdKjH2KFrju+SDulsltxJ0CLxMtJGXLUOqUfvxuTVFBpCMdatz03MUGGlWGE01HRTzVNMBngHm1bKrGgOsgmF4/QsVW6KIqVLWnQRP07kWGh9VCEtlNg09fz3lj8z2unJroKMiaT1FBJpouilCMTo/H7qMsUJYYPLcFEMXsrIn2sMDE2pJktoRgVbSjefASLpHFa8S4q5/dn5epNHk8BDuEITsCDS6jCHdSgDgQkvMArvDnPzrvz4XxOW5ecfOYAZuB8/QJU25cd</latexit>

Āµ



Geometric soft photon

<latexit sha1_base64="l3N/Pavg03Z9T6F7rOflVryCiaU="></latexit>

lim
q!0

An+1 ⇠
�
r+ �̄

�
An

<latexit sha1_base64="CudjE5uMiUaI1rUD9M9SkXCKla4="></latexit>

✏µ
�

�Āµ
= �

X

a

qa✏ ·
@

@pa

<latexit sha1_base64="t3dkZfIVbL8BuSySWuQbLev3/dk="></latexit>

D = @ + qĀ Three-point vertex

<latexit sha1_base64="z7k7iVqSVGNC6Lw2/agMX77WrFY="></latexit>

qa
✏·pa

q·pa
(1 + pa · @

@q )

• Geometric proof with          as a spurion yields

<latexit sha1_base64="REsXualdz+TtvTehaQCk0LQXVFA="></latexit>X

a

qa
q·pa

[✏ · pa + ✏ · Ja · q]

<latexit sha1_base64="lTwzJdEOQaGFbufZTVeNuKlorNo=">AAACAXicbVC7TgMxENzjGcIrQEljESFRRXeIVxmgoQwSeYjcKfI5vsSK7TvZPqTolIpfoIWeDtHyJbR8CU5yBUkYaaXRzK52d8KEM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dp4rQOol5rFoh1pQzSeuGGU5biaJYhJw2w8Ht2G8+UaVZLB/MMKGBwD3JIkawsdKjH2KFrju+SDulsltxJ0CLxMtJGXLUOqUfvxuTVFBpCMdatz03MUGGlWGE01HRTzVNMBngHm1bKrGgOsgmF4/QsVW6KIqVLWnQRP07kWGh9VCEtlNg09fz3lj8z2unJroKMiaT1FBJpouilCMTo/H7qMsUJYYPLcFEMXsrIn2sMDE2pJktoRgVbSjefASLpHFa8S4q5/dn5epNHk8BDuEITsCDS6jCHdSgDgQkvMArvDnPzrvz4XxOW5ecfOYAZuB8/QJU25cd</latexit>

Āµ

Note: space of vacua flat in this case



A general soft theorem?

<latexit sha1_base64="l3N/Pavg03Z9T6F7rOflVryCiaU="></latexit>

lim
q!0

An+1 ⇠
�
r+ �̄

�
An

3pt-vertex “on-
shell connecAon”

“SoB parAcle = derivaAve 
w.r.t. flat background”

Generalize the intuiAon:

Does this work?



Conclusions

• Important quesAon remains: SystemaAc way to move a 
finite distance in moduli space? Infinite? Massive 
amplitudes from massless amplitudes?

• Hints of general organizing principle for general soB 
theorems. Can we make this precise? Find new ones? 
SoB fermions beyond goldsAno?

• Geometric perspecAve gives new and general soB 
theorems for scalar moduli beyond NG bosons

• Could enable new on-shell perspecAve of non-
renormalizaAon theorems

• Geometry perspecAve useful for SMEFT, soB recursion?
[Helset, Tro>, Alonso, Manohar, Jenkins, ….]



Thank you!



Geometric soft recursion
• Recursion with soB-subtracAons

• Seed of the recursion is four-
point amplitude at every VEV

<latexit sha1_base64="nVoO98sYmN3UZ4Mg87/k5+T2ZyM="></latexit>

An(0) =
X

↵

AL(z+↵ )AR(z+↵ )

(1� z+↵ /z
�
↵ )Fn,1(z

+
↵ )

+ (z+↵ $ z�↵ ) +
X

a

riaAn�1(1/ca)

⇧b 6=a(1� cb/ca)

<latexit sha1_base64="NCxncn+iNzyqG4i0r+zt7+efH7g="></latexit>

A4(v)

<latexit sha1_base64="rFjruGGvSJR62uWpRjg50OpSbdE="></latexit>

A4(v
0)

[Cheung, Helset, JPM]

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

<latexit sha1_base64="LBeUKBnuEdCgMhxW7F5nDN23K5I="></latexit>z

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

<latexit sha1_base64="nwvfVb7SB7OmyuBwqHF+T9ccs9g="></latexit>

An(0) =
1

2⇡i

I
dz

z

An(z)

Fn,m(z)
= �

X

↵

Resz=z±
↵

✓
An(z)

zFn,m(z)

◆

<latexit sha1_base64="dbh8lLpotYnW4Dgskzr03eioGFM="></latexit>

Fn,m(z) =
nY

a=1

(1� caz)
m

[Cheung, Kampf, Novotny, Shen, Trnka; Luo, Wen]

• SoB theorem enables on-shell recursion


