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The problem & motivations

The problem: 1/16-BPS states in 4d maximal SYM w/ SU(N) gauge group

- Among 160Q + 16S supercharges, pick a pair Q & S = QT that the BPS states preserve.
- BPS states saturate the bound: {Q,QT} ~E - (R + R, +R3+J; +J;) =0
- Nilpotency Q% = 0 : BPS states ~ harmonic forms ltol Q-cohomology classes.

- We shall find & discuss the representatives of new cohomology classes.

Motivations:

- Special case of 1/4-BPS states in N = 1 QFT: Information on SUSY dynamics
[Budzik, Gaiotto, Kulp, Williams, Wu, Yu] (2023)
- Our main motivation: BPS black hole microstates in AdSs x S>

— Requires studying strong coupling & large N.

| will explain recent (perhaps modest) progress in this program.
- Cohomologies at weak-coupling (1-loop ~ 0(g#,))
- Want to eventually study SU(N > 1). < Today, | will report SU(2) & a bit of SU(3).

- Qualitative features & rough comparison w/ “gravity dual” (< mostly omitted today)



Historical remarks

2004~ : [Gutowski, Reall] ... Constructions of BPS black holes in AdSs x S°

2005~ : [Romelsberger] [Kinney, Maldacena, Minwalla, Raju] ...

Efficient way to study BPS spectrum — the “superconformal index”
- At that time, it was unclear how to see black holes from this index.

- Direct studies w/ weak-coupling cohomology: No new solutions found beyond BPS gravitons.
[Berkooz, Reichmann, Simon] (2006) [Grant, Grassi, SK, Minwalla] (2008) [Chang, Yin] (2013) ...

2018 ~ : [Cabo Bizet, Cassani, Martelli, Murthy] [Choi, J. Kim, SK, Nahmgoong] [Benini, Milan] ...

Realized how to see black holes from the index. (I.e. computed their entropy.)
- This index is coupling-independent - Counts weak-coupling cohomologies.

- Since it counted black holes, we became confident that new cohomologies should exist.

2022 ~ : [Chang, Lin] [Choi, SK, E. Lee, Park] ...

With these recent realizations & promises, revisited the cohomology problem.

- Especially because the cohomologies carry more information than the index.



Weak-coupling setup

SU(N) maximal SYM on R*: all fields in adjoint rep. (written in N=1 language)
3 chiral multiplets:  ¢,,, ¢™ and Ye, P (m =1,2,3)

vector multiplet: A, ~A4,; and 2,4, u=1-,4) (a=+ada=1+)

Gauge-invariant local BPS operators: (at x# = 0 on R*)

- Free limit (gyy; = 0): Any gauge-invariants of the invariant fields under Q & Q7:

O™, Ymys Agr fo+ = Firiz 3+ia & derivatives 04, = 0, —id, , 05444 = 03 — id, acting on them

- Not all of them are BPS at gy, # 0 : At small gy < 1, classical SUSY on them reads

Q qgm =0, QYmy ~ gYMemnp[d_)n» qu] ) Qf++ ~ gYM[l/Jm+ :d_)m] , Q Zo’c =0, [Q: D+(x] ~ gYM[/Tc'r ’ }

- Classical Q & QT at ¥%-loop = Anomalous dimension QQt + QtQ ~ E — Ezps at 1-loop, 0(gZy).

Goal: Find free BPS operators which remain BPS at 1-loop level.
- Remain BPS at strong-coupling? A non-renormalization theorem pursued. [Chang, Lin] (2022)
- But their index captures BH’s - So empirically, many of them should remain BPS.

- So expecting “certain” non-renormalization, we study 1-loop cohomologies.



The strategy
The problem at finite N = 2,3, ---:

- Construct all cohomologies at given charges, and mod out those from BPS multi-gravitons

— [Chang, Lin] (2022) did it & found the first non-graviton cohomology for SU(2).

What are the “BPS gravitons at finite N” ...7?
- Chiral primaries tr[¢™ - - . ¢™)]  descendants (1-particle) & their products (multi-particle)
- Finite N subtlety: # of independent operators reduces due to trace relations

— QFT dual of “stringy exclusion principle” due to giant gravitons

[Maldacena, Strominger] (1998) [Susskind, McGreevy, Toumbas] (2000)
[Jevicki, Ramgoolam] (1999) [Grisaru, Myers, Tafjord] (2000)
[Ho, Ramgoolom, Tatar] (1999) [Hashimoto, Hirano, Itzhaki] (2000)

- So they reflect all the expected BPS graviton physics, including the finite N effects.

Remainders have chances to describe black holes. (- Call “black hole operators”)
- Conservatively, results at low N = 2,3, --- are just intermediate steps towards large N.

- Progressively, lessons on black holes in wildly quantum (G, ~ 1/N?) gravity?



A streamlined strategy

To quickly diagnose which charge sectors host new operators, we use the index:

- Grade operators with charges appearing in the index, say with
- Compute the full index & that over gravitons — Subtract. [Choi, SK, E. Lee, S. Lee, Park] (2023)

SU(2) - Study the index Z(t) = Tr[(—1)Ft/]
- In full generality, only have series expansions till certain order:
Z(t) = 146" =61 — 7t +18t" + 61% — 36t + 6" + 844" — 80" — 132¢"% + 309¢™* — 18" — 567¢'°
+516t'7 + 613t — 1392¢17 — 180120 + 288421 — 1926122 — 42423 + 78901%* + T92t>® — 15876126
+13804¢%7 + 15177t%® — 3753612 + 704930 + 57522¢31 — 58704¢% + - - -
Zgae(t) = 14+6t" — 61" — 7t° + 187 + 6t° — 36¢7 + 61" + 84+ — 80¢'* — 132t + 309¢* — 18" — 567¢'°
+516¢"7 + 613t — 13921 — 180120 + 2884121 — 1926122 — 42424?3 + 78911%* + 78612 — 1586412
+13804¢%7 4+ 15138128 — 3747612 + 704820 + 5741443 — 5856632 + - - -

Z = Zgpay = —t2 + 6% — 1267 4 0127 + 396%™ — 60%° + 3 + 108¢* — 138t + - -
g

) CompUted exaCtIy in “BMN truncation”: Qggm = 0 3 me-l- ~ Emnp[qj)n: Q_Sp] 3 Qf++ ~ [wm-i-; Q—Sm]
[Berenstein, Maldacena, Nastase] (2002) 424 1
' (Z — Zgrav]BuNn = — . ~ - (1— t%)?
[Nakwoo Kim, Klose, Plefka] (2003) & 1—t12 (1—t8)3




Constructions

An oco-tower of non-graviton cohomologies, whose representatives are: n =0,1,2, -

O“ — (f ’ f)-necwzqa((ba ’ U£1)(¢b ' ‘Ucz)(ir)a : ‘Ub X ch)
+ﬂ(f . f)n—leblbzb:s Eclczc;;(f ) Ubl)(@a . ,?]L,-/'Cl )(Tr'i'bz ) Ucz)(h}a ' "i,-"}bg y QL;)

_(% + n(r{;{l})(f . f)n—lEa1a—2a.3661b2b3Eclczc:a (Ual . T_v"i'b]_ % 1!1.-;.61)(1\‘%.2 . sz X "i}'f)cg)(wa.;; ] 11"‘“"!33 e Uc;)

- In particular, the “threshold” non-graviton operator at t** order:
O(} — Eplpzp:i(ﬂbm ) ((a'ﬁpl)(‘i’n ) .:t.'il‘}pg)(t.'f’}?n ) ((r'bn X Ti'bp;g)

(Used 3d vector notation for SU(2) adjoints: A- B ~ tr(AB) and A X B ~ [A, B] )

This tower fully explains the BMN index:

_ 23
|7 — Zgrav|BMN = {2 TEDE (11—t )\A
/ l descendants within BMN

Limited dressings by gravitons tr(2¢™f + €™ Py, ,,)
(only 3 out of 17 gravitons in BMN sector)

“core black hole” primary operators 0,

- These operators don’t really look like black holes in most senses. (E.g. small entropy)

- But they exhibit subtle properties, qualitatively reminiscent of black holes. (= next slide)
8



A no-hair theorem?

To appreciate the last point, see the BMN results:
- @ satisfies Leibniz rule — The product (BH) x (graviton) is another cohomology.
- There are 17 different species of graviton particles in the BMN sector.

- But “black hole operators” 0,, abhor dressings by all but 3 gravitons: tr(2¢™f + e™Py,,,).

4 — 74 rav o ’ -
[ grav| BMN 1—t12|| (1 —1#8)3

(1—t%)?

This feature continues in the general SU(2) index:

- Eliminating PSU(1,2|3) c PSU(2,2|4) superconformal descendants of 0,, the remainder is:

Yo(t) = —t* [ 6t% — 12¢% + 0% + 39t — 60t*° + ¢3° + 108" — 135t%2 + - -
X
l Z — Zgraw - Xl](t) - “31532 -+ -

- The “boring” range 25 < j < 31 —» Many product cohomologies absent in the index.

- Simplest possibility: All Q-exact, i.e. absent <« Checked explicitly for many (next slide).

Only a partial no-hair theorem:
- Conformal primaries of gravitons: 29 of 32 don’t dress 0, (at least invisible in the index).

- Conformal descendants...? (more in our paper — next page) 9



lllustration: Q-exactness at low levels

£ O3 - ¢") = —ﬁ@[zoe”(m(&“) ) (@ e ) (DT g ) (it - Vo)

—20e" (@™ - 1 )™ - U ) (DT Vg ) (fay - Ysy)
+30€7 (A - by ) (™ - U ) (DT - oi) (fip - Vg
—7em2Peb020m (G 4h V(D - Poi) (Var -+ Vgt ) Wby 4 - Vi)
+ 18192 ¢biba( (qf)n) Vgt ) (07 Upi) (War 4 * Vant) Wb+ Uit )]

t29: OO((;Bm - XQ) = %Q[406mnp(f+_|_ . ’l,[)q_;_)()_\cir : T/Jr+)(‘?_5q ' ¢n+)(€f_>r ' ?)[)P—l-)

_4Ema1a2€nblb2 (5\& ' wﬂ,—F)(a_Sp ) ¢p+)(?¢')a1+ ' ¢a2+)(¢‘b1+ ) wbg-l-)
+Gema et () - ¢p+)(¢_5p Ut ) Wart * Yoot ) Wbrt Yot
€922 (N 1h ) (07 Vpr) (Wart * Yast) Wbyt + Vyt)]

t39: Oo (¢_5m Uy — %ﬁnfi@p : ’d)p+)
= iQ [E?quETGIGQElebZEmCICz(Q_f'p ’ ¢r+)(¢a1+ : ¢a2+)(¢b1+ ) ¢b2+)(¢c1+ : ’QbCer)]
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Concluding remarks

“Construction” (in a limited sense) of BPS black hole microstates

Found new “black hole cohomologies” for SU(2)

What | presented are not actual BPS states, even at 1-loop. Just representatives.
[Chang, Feng, Lin, Tao] (2023) [Budzik, Murali, Vieira] (2023)
SU(3) in BMN sector [Jae Hyeok Choi, Jehyun Lee, Siyul Lee] (work in progress)

Z = Zyray =|—t 43t =3t =106 +15¢ %2 +24¢7 - 36t°° — 45t +-39¢t "+ 124t + O (t)
Same threshold level as SU(2)...!

Higher N? Higher charges? Analytic structures? Insights from emergent structures of

holomorphically twisted QFT? ... [Budzik, Gaiotto, Kulp, Williams, Wu, Yu] (2023)

Better picture on hairy (BPS) black holes in AdS; x S°?

[Bhattacharyya, Minwalla, Papadodimas] (2010) [Markeviciute, Santos] [Markeviciute] (2018)
[Niehoff, Santos, Way] (2015) [Chesler] (2021) [SK, Kundu, E. Lee, J. Lee, Minwalla, Patel] (2023) ...

Studied BPS perturbations of BPS black holes, dual to (9,;)™ (9, )™tr(X? + Y? + Z?)
Similar “partial no-hair” behavior as SU(2) cohomologies. [Choi, SK, E. Lee, S. Lee, Park] (2023)

. . . _ 5
Perturbative dressing forbidden: my +m, <4q/f ¢: “size" parameter of BH

Allowed (large conformal descendants): m, +m, > 4q/¢> ¢: AdS radius ;



