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Bespoke Dual Resonance



• In a QFT, we build amplitudes as the sum of channels of different topologies:


• However, in string theory, the two topologies are indistinguishable, due to the 
worldsheet:


Dual resonance
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<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t



I L  N U O V O  C I M E N T O  
V o i . .  L V I I  A ,  N .  1 

1 ~ S e t t e m b r e  1 9 6 8  

Construction of a Crossing-Simmetric, Regge-Behaved Amplitude 
for Linearly Rising Trajectories. 

G. VENEZIA~O (*) 
C E R N -  Geneva 

(ricevuto il 29 Luglio 1968) 

Crossing has been the first ingredient used to make Regge theory a predict ive 

concept in high-energy physics. However, a complete and satisfactory way of imposing 

crossing and crossed-channel uni ta r i ty  is still  lacking. We can look at  the recent inves- 

t igat ions on the properties of Reggeization at  t ~ 0  as giving a first encouraging set of 

results along this line of thinking (1). A technically different approach, based on super- 

convergence, has been also recently invest igated (2), and the possibil i ty of a self-con- 

sistent determinat ion of the physical  parameters,  through the use of sum rules, has 

been stressed. 
In this note we propose a quite simple expression for the relativist ic scattering am- 

pli tude,  tha t  obeys the requirements of Regge asymptotics  and crossing symmetry  in 

the case of l inearly rising trajectories.  I ts  explicit  form is suggested by the work of 

ref. (z) and contains only a few free parameters  (**). 
Our expression contains automat ical ly  Regge poles in families of parallel  t rajectories 

(at all t) with residue in definite ratios. I t  furthermore satisfies the conditions of super- 

convergence (4) and exhibits in a nice fashion the dual i ty  between Regge poles and 

resonances in the scattering ampli tude.  
(*) On  l eave  of absence  f r o m  t h e  W e i z m a n n  I n s t i t u t e  of Science,  R c h o v o t h .  Addre s s  a f t e r  1 Sep- 

t e m b e r  1968:  D e p a r t m e n t  of Phys ic s ,  M.I .T . ,  C a m b r i d g e ,  Mass.  

(1) F o r  a g e n e r a l  r ev i ew  of these  p r o b l e m s  see L. BERTOCCHI: Proe. o! the Heidelberg International 

Conference on Elementary Particles ( A m s t e r d a m ,  1967). 
(2) Such  a n  a p p r o a c h  w a s  p r o p o s e d  i n d e p e n d e n t l y  by" M. AD]~MOLLO, I~. ]:~. RUBINSTEIN', G. VE" 

NEZIANO a n d  M. A.  VIRASORO: Phys. Rev. Left., 19, 1402 (1967) a n d  Phys. Left., 27, B 99 (1968), a n d  

b y  S. MANDELSTAM: Phys. Rev., 166, 1539 (1968). F u r t h e r  d e v e l o p m e n t s  a n d  a n u m b e r  of r e fe rences  

to  r e l a t e d  w o r k s  c a n  be  f o u n d  in  ref .  (3). 
(a) ~r ADEMOLLO, H .  R .  RUBINSTEIN, G. VENEZIANO a n d  M. A.  VIRASORO: ~Veizmann I n s t i t u t e  

p r e p r i n t  (1968), s u b m i t t e d  to  Phys. Rev. 
(**) W e  s h a l l  m o s t l y  w o r k  he re  in  t h e  a p p r o x i m a t i o n  of rea l ,  l i n e a r  t r a j e c to r i e s  a n d  c o n s e q u e n t l y  

of n a r r o w  resonanceS.  W e  br ief ly  d i scuss  t h e  effects of a nonze ro  i m a g i n a r y  p a r t  in  t h e  t r a j e c t o r y  

f u n c t i o n  w h i c h ,  in  a n y  case ,  we d e m a n d  to  h a v e  a l i n e a r l y  r i s i n g  r ea l  p a r t .  

(4) F o r  s u p e r c o n v c r g e n c e  we m e a n  b o t h  t h e  o r ig ina l  s u m  ru les  p r o p o s e d  b y  V. DE ALFARO, S. FU* 

BINI, G. FURLAI~ a n d  C. ROSSETTI: Phys. Left., 21, 576 (1966), a n d  t h e  m o r e  r e c e n t  g e n e r a l i z e d  super* 

c o n v e r g e n c e  ( f in i te -energy)  s u m  ru les  (see rc f .  (*) for  d e t a i l e d  re fe rences) .  A uni f ied  t r e a t m e n t  of a l l  

s u p e r c o n v c r g e n c c  s u m  ru l e s  h a s  b e e n  g i v e n  b y  S. FUBINI: NUOVO Cimento, 52 A,  224 (1967). 

• What do string amplitudes do?


• Ultraviolet-complete low-energy physics by taming Planck-
scale pathologies in amplitudes.


• Accomplish this by adding a tower of massive higher-spin 
degrees of freedom. (Cannot add just one higher-spin state 
without making the problem worse.                           )


• So string theory answers the question of how to build an amplitude 
exchanging higher-spin modes consistently at high energies:


  Veneziano amplitude:


String amplitudes

e.g., CEMZ [1407.5597]

(1968)
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What makes (tree-level, planar) string amplitudes unique?


• Dual resonance?

• Towers of higher-spin states?

• Tame UV behavior?

• Straightforward generalization to   -point amplitudes?

• Worldsheet integral representation?


What properties of Veneziano amplitudes enable these miracles?


• Regge spectrum with             ?


String amplitudes
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What makes (tree-level, planar) string amplitudes unique?


• Dual resonance?

• Towers of higher-spin states?

• Tame UV behavior?

• Straightforward generalization to   -point amplitudes?

• Worldsheet integral representation?


What properties of Veneziano amplitudes enable these miracles?


• Regge spectrum with             ?


In this talk, we will construct non-string amplitudes that satisfy all the desired 
properties marked with    , even while exhibiting custom non-Regge spectra.


The question of what uniquely fixes string amplitudes remains open, and we 
now have a plethora of other amplitudes to understand: Are they somehow 
part of string theory? What physics do they describe?

String amplitudes
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• Dual resonance is deeply tied to the asymptotic scaling of the amplitude in the 
Regge limit (large   , fixed   )


• For an amplitude satisfying crossing                          , with tree-level poles at 

                     , then as long as the residue at            is well defined,


    we have dual resonance:  

Dual resonance and UV finiteness
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t

<latexit sha1_base64="nZF7g1awh+k4Br75Zy2gsFfn+WQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEILZSSiGgvQosXjxXsB7ShbLabdulmE3YnQi39JV48KOLVn+LNf+O2zUFbHww83pthZp4fC67Bcb6tzMbm1vZOdje3t39wmLePjls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt3G8/MqV5JB9gEjMvJEPJA04JGKlv5+tFXYYSvsH1IpR1qW8XnIqzAF4nbkoKKEWjb3/1BhFNQiaBCqJ113Vi8KZEAaeCzXK9RLOY0DEZsq6hkoRMe9PF4TN8bpQBDiJlSgJeqL8npiTUehL6pjMkMNKr3lz8z+smEFS9KZdxAkzS5aIgERgiPE8BD7hiFMTEEEIVN7diOiKKUDBZ5UwI7urL66R1UXGvKu79ZaFWTePIolN0horIRdeohu5QAzURRQl6Rq/ozXqyXqx362PZmrHSmRP0B9bnD4CUkQQ=</latexit>

A(s, t) = A(t, s)
<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="8r3di5b39L/4HxKT75a1C3AJTiU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqWNuekKFOOmXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nzZCA0ZygnllCmhb2VsBHVlKGNqGRD8JZfXiWti6p3VfXuLyv1Wh5HEU7gFM7Bg2uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4AGnSP/A==</latexit>s = 1
<latexit sha1_base64="hEDqvUxSVcPx0Yeiha2wBXwAg0M="></latexit>
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Cheung, GR [2302.12263]

<latexit sha1_base64="tOTEQd8DTkLVkV01QILkFuQlEhw="></latexit>

A(s, t) =
1

2⇡i

I

s0=s

ds0

s0 � s
A(s0, t)



• Dual resonance is deeply tied to the asymptotic scaling of the amplitude in the 
Regge limit (large   , fixed   )


• For an amplitude satisfying crossing                          , with tree-level poles at 

                     , then as long as the residue at            is well defined,


    we have dual resonance:  

Dual resonance and UV finiteness

<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="nZF7g1awh+k4Br75Zy2gsFfn+WQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEILZSSiGgvQosXjxXsB7ShbLabdulmE3YnQi39JV48KOLVn+LNf+O2zUFbHww83pthZp4fC67Bcb6tzMbm1vZOdje3t39wmLePjls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt3G8/MqV5JB9gEjMvJEPJA04JGKlv5+tFXYYSvsH1IpR1qW8XnIqzAF4nbkoKKEWjb3/1BhFNQiaBCqJ113Vi8KZEAaeCzXK9RLOY0DEZsq6hkoRMe9PF4TN8bpQBDiJlSgJeqL8npiTUehL6pjMkMNKr3lz8z+smEFS9KZdxAkzS5aIgERgiPE8BD7hiFMTEEEIVN7diOiKKUDBZ5UwI7urL66R1UXGvKu79ZaFWTePIolN0horIRdeohu5QAzURRQl6Rq/ozXqyXqx362PZmrHSmRP0B9bnD4CUkQQ=</latexit>

A(s, t) = A(t, s)
<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="8r3di5b39L/4HxKT75a1C3AJTiU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqWNuekKFOOmXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nzZCA0ZygnllCmhb2VsBHVlKGNqGRD8JZfXiWti6p3VfXuLyv1Wh5HEU7gFM7Bg2uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4AGnSP/A==</latexit>s = 1
<latexit sha1_base64="hEDqvUxSVcPx0Yeiha2wBXwAg0M="></latexit>
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<latexit sha1_base64="qs+JvlgxvBAZCD7NtRU0Bv7GDVo="></latexit>

A(s, t) = A1(t) +
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Cheung, GR [2302.12263]



• Dual resonance is deeply tied to the asymptotic scaling of the amplitude in the 
Regge limit (large   , fixed   )


• For an amplitude satisfying crossing                          , with tree-level poles at 

                     , then as long as the residue at            is well defined,


    we have dual resonance:  

Dual resonance and UV finiteness

<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="nZF7g1awh+k4Br75Zy2gsFfn+WQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEILZSSiGgvQosXjxXsB7ShbLabdulmE3YnQi39JV48KOLVn+LNf+O2zUFbHww83pthZp4fC67Bcb6tzMbm1vZOdje3t39wmLePjls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt3G8/MqV5JB9gEjMvJEPJA04JGKlv5+tFXYYSvsH1IpR1qW8XnIqzAF4nbkoKKEWjb3/1BhFNQiaBCqJ113Vi8KZEAaeCzXK9RLOY0DEZsq6hkoRMe9PF4TN8bpQBDiJlSgJeqL8npiTUehL6pjMkMNKr3lz8z+smEFS9KZdxAkzS5aIgERgiPE8BD7hiFMTEEEIVN7diOiKKUDBZ5UwI7urL66R1UXGvKu79ZaFWTePIolN0horIRdeohu5QAzURRQl6Rq/ozXqyXqx362PZmrHSmRP0B9bnD4CUkQQ=</latexit>

A(s, t) = A(t, s)
<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="8r3di5b39L/4HxKT75a1C3AJTiU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqWNuekKFOOmXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nzZCA0ZygnllCmhb2VsBHVlKGNqGRD8JZfXiWti6p3VfXuLyv1Wh5HEU7gFM7Bg2uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4AGnSP/A==</latexit>s = 1
<latexit sha1_base64="hEDqvUxSVcPx0Yeiha2wBXwAg0M="></latexit>
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<latexit sha1_base64="qs+JvlgxvBAZCD7NtRU0Bv7GDVo="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s
= A1(s) +

1X

n=0

R(n, s)

µ(n)� t
= A(t, s)

Cheung, GR [2302.12263]

Polynomial residues: 

finite # of states on each resonance



• Dual resonance is deeply tied to the asymptotic scaling of the amplitude in the 
Regge limit (large   , fixed   )


• For an amplitude satisfying crossing                          , with tree-level poles at 

                     , then as long as the residue at            is well defined,


    we have dual resonance:  

Dual resonance and UV finiteness

<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="nZF7g1awh+k4Br75Zy2gsFfn+WQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEILZSSiGgvQosXjxXsB7ShbLabdulmE3YnQi39JV48KOLVn+LNf+O2zUFbHww83pthZp4fC67Bcb6tzMbm1vZOdje3t39wmLePjls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt3G8/MqV5JB9gEjMvJEPJA04JGKlv5+tFXYYSvsH1IpR1qW8XnIqzAF4nbkoKKEWjb3/1BhFNQiaBCqJ113Vi8KZEAaeCzXK9RLOY0DEZsq6hkoRMe9PF4TN8bpQBDiJlSgJeqL8npiTUehL6pjMkMNKr3lz8z+smEFS9KZdxAkzS5aIgERgiPE8BD7hiFMTEEEIVN7diOiKKUDBZ5UwI7urL66R1UXGvKu79ZaFWTePIolN0horIRdeohu5QAzURRQl6Rq/ozXqyXqx362PZmrHSmRP0B9bnD4CUkQQ=</latexit>

A(s, t) = A(t, s)
<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="8r3di5b39L/4HxKT75a1C3AJTiU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqWNuekKFOOmXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nzZCA0ZygnllCmhb2VsBHVlKGNqGRD8JZfXiWti6p3VfXuLyv1Wh5HEU7gFM7Bg2uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4AGnSP/A==</latexit>s = 1
<latexit sha1_base64="hEDqvUxSVcPx0Yeiha2wBXwAg0M="></latexit>
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A(s, t)

s
= A1(t)

<latexit sha1_base64="qs+JvlgxvBAZCD7NtRU0Bv7GDVo="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s
= A1(s) +

1X

n=0

R(n, s)

µ(n)� t
= A(t, s)

Cheung, GR [2302.12263]

Need infinite number of poles 
to resum the propagator



• Dual resonance is deeply tied to the asymptotic scaling of the amplitude in the 
Regge limit (large   , fixed   )


• For an amplitude satisfying crossing                          , with tree-level poles at 

                     , then as long as the residue at            is well defined,


    we have dual resonance:


• For Veneziano amplitude,                                                           for          , so

Dual resonance and UV finiteness

<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="nZF7g1awh+k4Br75Zy2gsFfn+WQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEILZSSiGgvQosXjxXsB7ShbLabdulmE3YnQi39JV48KOLVn+LNf+O2zUFbHww83pthZp4fC67Bcb6tzMbm1vZOdje3t39wmLePjls6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHt3G8/MqV5JB9gEjMvJEPJA04JGKlv5+tFXYYSvsH1IpR1qW8XnIqzAF4nbkoKKEWjb3/1BhFNQiaBCqJ113Vi8KZEAaeCzXK9RLOY0DEZsq6hkoRMe9PF4TN8bpQBDiJlSgJeqL8npiTUehL6pjMkMNKr3lz8z+smEFS9KZdxAkzS5aIgERgiPE8BD7hiFMTEEEIVN7diOiKKUDBZ5UwI7urL66R1UXGvKu79ZaFWTePIolN0horIRdeohu5QAzURRQl6Rq/ozXqyXqx362PZmrHSmRP0B9bnD4CUkQQ=</latexit>

A(s, t) = A(t, s)
<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="8r3di5b39L/4HxKT75a1C3AJTiU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqWNuekKFOOmXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nzZCA0ZygnllCmhb2VsBHVlKGNqGRD8JZfXiWti6p3VfXuLyv1Wh5HEU7gFM7Bg2uowx00oAkMJDzDK7w5j86L8+58LFoLTj5zDH/gfP4AGnSP/A==</latexit>s = 1
<latexit sha1_base64="hEDqvUxSVcPx0Yeiha2wBXwAg0M="></latexit>

1

2⇡i

I

s=1
ds

A(s, t)

s
= A1(t)

<latexit sha1_base64="qs+JvlgxvBAZCD7NtRU0Bv7GDVo="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s
= A1(s) +

1X

n=0

R(n, s)

µ(n)� t
= A(t, s)

Cheung, GR [2302.12263]

<latexit sha1_base64="gaymGzhNo6txPTgijmmToJAvGps="></latexit>

AV (s, t) =
�(�s)�(�t)

�(�s� t)
=

1X

n=0

RV (n, t)

n� s
<latexit sha1_base64="bGPMJIj1CrgUJSOG1nAa11jHnJM="></latexit>

RV (n, t) =
1

n!

�(t+ n+ 1)

�(t+ 1)
=

1

n!

nX

k=0


n+ 1
k + 1

�
tk

<latexit sha1_base64="tzbpX//loWXUzMgpHJdifiMFCXE="></latexit>

AV (s ! 1, t) ⇠ st =) A1(t) = 0
<latexit sha1_base64="N2E9eAGgqPOKRK028FNecSITmT0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg944/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xbDmZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdW7qnr3l5V6LY+jCCdwCufgwTXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/NzI10</latexit>

t < 0



Dual Resonance for  
Any Spectrum



• Define a function             whose zero locus will fix the spectrum of the theory:

Spectral curve

<latexit sha1_base64="fXiYRKxl7joe22FS878ZihL95vU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQQcKuiOYY8OIxgnlgdgmzk9lkyMzsMg8hLPkLLx4U8erfePNvnCR70MSChqKqm+6uKGVUac/7dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3878zhORiibiQU9SEnI0FDSmGGkrPcbVgJuLQJjzfrni1bw53FXi56QCOZr98lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fziqXtmlYEbJ9KW0O5c/T2RIa7UhEe2kyM9UsveTPzP6xkd18OMitRoIvBiUWyYqxN39r47oJJgzSaWICypvdXFIyQR1jakkg3BX355lbQva/51zb+/qjTqeRxFOIFTqIIPN9CAO2hCCzAIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP6i7kDo=</latexit>

f(µ, ⌫)
<latexit sha1_base64="b8dCilWTdEAfNKmb0i9I0Naaggc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEe1FKHjxWMF+QLeWbJptQ5PskmSVsvR/ePGgiFf/izf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjmlX4IFkISPYWOkhLPsiOfNlcoqukdsrltyKOwNaJl5GSpCh3it++f2IJIJKQzjWuuO5semmWBlGOJ0U/ETTGJMRHtCOpRILqrvp7OoJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxITVbspknBgqyXxRmHBkIjSNAPWZosTwsSWYKGZvRWSIFSbGBlWwIXiLLy+T5nnFu6x4dxelWjWLIw9HcAxl8OAKanALdWgAAQXP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/UWuRDw==</latexit>

f(µ, ⌫) = 0

kinematic argument level argument



• Define a function             whose zero locus will fix the spectrum of the theory:


• We will pick                                        for some polynomials         so the 
spectrum is a rational polynomial:


Spectral curve

<latexit sha1_base64="fXiYRKxl7joe22FS878ZihL95vU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQQcKuiOYY8OIxgnlgdgmzk9lkyMzsMg8hLPkLLx4U8erfePNvnCR70MSChqKqm+6uKGVUac/7dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3878zhORiibiQU9SEnI0FDSmGGkrPcbVgJuLQJjzfrni1bw53FXi56QCOZr98lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fziqXtmlYEbJ9KW0O5c/T2RIa7UhEe2kyM9UsveTPzP6xkd18OMitRoIvBiUWyYqxN39r47oJJgzSaWICypvdXFIyQR1jakkg3BX355lbQva/51zb+/qjTqeRxFOIFTqIIPN9CAO2hCCzAIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP6i7kDo=</latexit>

f(µ, ⌫)
<latexit sha1_base64="b8dCilWTdEAfNKmb0i9I0Naaggc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEe1FKHjxWMF+QLeWbJptQ5PskmSVsvR/ePGgiFf/izf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjmlX4IFkISPYWOkhLPsiOfNlcoqukdsrltyKOwNaJl5GSpCh3it++f2IJIJKQzjWuuO5semmWBlGOJ0U/ETTGJMRHtCOpRILqrvp7OoJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxITVbspknBgqyXxRmHBkIjSNAPWZosTwsSWYKGZvRWSIFSbGBlWwIXiLLy+T5nnFu6x4dxelWjWLIw9HcAxl8OAKanALdWgAAQXP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/UWuRDw==</latexit>

f(µ, ⌫) = 0

<latexit sha1_base64="Ahi8Wr5ICpb+t1/LIf462Ztc29U=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKmhJRLQboeDGZQv2Ak0ok+mkHTqZhLkIJXTrxldx40IRt76BO9/GaZqFtv4w8M1/zmHm/EHCqFSO820VVlbX1jeKm6Wt7Z3dPXv/oC1jLTBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML6d1TsPREga83s1SYgfoSGnIcVIGatvw7DiRfrM4/oU3sBGJYNzaDzYzC59u+xUnUxwGdwcyiBXo29/eYMY64hwhRmSsuc6ifJTJBTFjExLnpYkQXiMhqRnkKOISD/NNpnCE+MMYBgLc7iCmft7IkWRlJMoMJ0RUiO5WJuZ/9V6WoU1P6U80YpwPH8o1AyqGM5igQMqCFZsYgBhQc1fIR4hgbAy4ZVMCO7iysvQvqi6V1W3eVmu1/I4iuAIHIMKcME1qIM70AAtgMEjeAav4M16sl6sd+tj3lqw8plD8EfW5w/8sZdQ</latexit>

f(µ, ⌫) = P (⌫)� µQ(⌫)
<latexit sha1_base64="bKh9KlNaTHxZKbAeRzK6Ns2Zts4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePHYorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBor3Tcumv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWPl1Xvuuo1ryr1Wh5HEU7gFM7Bgxuowx00oAUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AsKiNYQ==</latexit>

P,Q

<latexit sha1_base64="TZ3RT+vYutjMECPGjW1L0zBD+hY=">AAACA3icbVDLSgMxFL3js9bXqDvdBItQN2VGRLsRCm5ctmAf0Cklk2ba0ExmSDJCGQpu/BU3LhRx60+482/MtLPQ1gMJJ+fcy809fsyZ0o7zba2srq1vbBa2its7u3v79sFhS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Dbz2w9UKhaJez2JaS/EQ8ECRrA2Ut8+9sKkLM7RDfICiUlaN49p2sjuvl1yKs4MaJm4OSlBjnrf/vIGEUlCKjThWKmu68S6l2KpGeF0WvQSRWNMxnhIu4YKHFLVS2c7TNGZUQYoiKQ5QqOZ+rsjxaFSk9A3lSHWI7XoZeJ/XjfRQbWXMhEnmgoyHxQkHOkIZYGgAZOUaD4xBBPJzF8RGWGThTaxFU0I7uLKy6R1UXGvKm7jslSr5nEU4AROoQwuXEMN7qAOTSDwCM/wCm/Wk/VivVsf89IVK+85gj+wPn8AkaCWLA==</latexit>

µ(n) =
P (n)

Q(n)



• Define a function             whose zero locus will fix the spectrum of the theory:


• We will pick                                        for some polynomials         so the 
spectrum is a rational polynomial:


• If we choose         to be monic, with    of degree    and      of degree         , 
then         is asymptotically Regge, as required on general grounds.


• For sufficiently large   , we can fit any finite number of specified masses in the 
spectrum.

Spectral curve

<latexit sha1_base64="fXiYRKxl7joe22FS878ZihL95vU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQQcKuiOYY8OIxgnlgdgmzk9lkyMzsMg8hLPkLLx4U8erfePNvnCR70MSChqKqm+6uKGVUac/7dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3878zhORiibiQU9SEnI0FDSmGGkrPcbVgJuLQJjzfrni1bw53FXi56QCOZr98lcwSLDhRGjMkFI930t1mCGpKWZkWgqMIinCYzQkPUsF4kSF2fziqXtmlYEbJ9KW0O5c/T2RIa7UhEe2kyM9UsveTPzP6xkd18OMitRoIvBiUWyYqxN39r47oJJgzSaWICypvdXFIyQR1jakkg3BX355lbQva/51zb+/qjTqeRxFOIFTqIIPN9CAO2hCCzAIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP6i7kDo=</latexit>

f(µ, ⌫)
<latexit sha1_base64="b8dCilWTdEAfNKmb0i9I0Naaggc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpRdEe1FKHjxWMF+QLeWbJptQ5PskmSVsvR/ePGgiFf/izf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VuPVGkWyXszjmlX4IFkISPYWOkhLPsiOfNlcoqukdsrltyKOwNaJl5GSpCh3it++f2IJIJKQzjWuuO5semmWBlGOJ0U/ETTGJMRHtCOpRILqrvp7OoJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxITVbspknBgqyXxRmHBkIjSNAPWZosTwsSWYKGZvRWSIFSbGBlWwIXiLLy+T5nnFu6x4dxelWjWLIw9HcAxl8OAKanALdWgAAQXP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/UWuRDw==</latexit>

f(µ, ⌫) = 0

<latexit sha1_base64="Ahi8Wr5ICpb+t1/LIf462Ztc29U=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKmhJRLQboeDGZQv2Ak0ok+mkHTqZhLkIJXTrxldx40IRt76BO9/GaZqFtv4w8M1/zmHm/EHCqFSO820VVlbX1jeKm6Wt7Z3dPXv/oC1jLTBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML6d1TsPREga83s1SYgfoSGnIcVIGatvw7DiRfrM4/oU3sBGJYNzaDzYzC59u+xUnUxwGdwcyiBXo29/eYMY64hwhRmSsuc6ifJTJBTFjExLnpYkQXiMhqRnkKOISD/NNpnCE+MMYBgLc7iCmft7IkWRlJMoMJ0RUiO5WJuZ/9V6WoU1P6U80YpwPH8o1AyqGM5igQMqCFZsYgBhQc1fIR4hgbAy4ZVMCO7iysvQvqi6V1W3eVmu1/I4iuAIHIMKcME1qIM70AAtgMEjeAav4M16sl6sd+tj3lqw8plD8EfW5w/8sZdQ</latexit>

f(µ, ⌫) = P (⌫)� µQ(⌫)
<latexit sha1_base64="bKh9KlNaTHxZKbAeRzK6Ns2Zts4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePHYorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBor3Tcumv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWPl1Xvuuo1ryr1Wh5HEU7gFM7Bgxuowx00oAUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AsKiNYQ==</latexit>

P,Q

<latexit sha1_base64="TZ3RT+vYutjMECPGjW1L0zBD+hY=">AAACA3icbVDLSgMxFL3js9bXqDvdBItQN2VGRLsRCm5ctmAf0Cklk2ba0ExmSDJCGQpu/BU3LhRx60+482/MtLPQ1gMJJ+fcy809fsyZ0o7zba2srq1vbBa2its7u3v79sFhS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Dbz2w9UKhaJez2JaS/EQ8ECRrA2Ut8+9sKkLM7RDfICiUlaN49p2sjuvl1yKs4MaJm4OSlBjnrf/vIGEUlCKjThWKmu68S6l2KpGeF0WvQSRWNMxnhIu4YKHFLVS2c7TNGZUQYoiKQ5QqOZ+rsjxaFSk9A3lSHWI7XoZeJ/XjfRQbWXMhEnmgoyHxQkHOkIZYGgAZOUaD4xBBPJzF8RGWGThTaxFU0I7uLKy6R1UXGvKm7jslSr5nEU4AROoQwuXEMN7qAOTSDwCM/wCm/Wk/VivVsf89IVK+85gj+wPn8AkaCWLA==</latexit>

µ(n) =
P (n)

Q(n)

<latexit sha1_base64="TJ6hNqo2NByq5eWgUY/e9+Gr7Bw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBzO+M6A==</latexit>

h
<latexit sha1_base64="xVyqg3CTnSoThVtdrG5S2jjh+qo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw+jC65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVr3rqnd/VanX8jiKcAKncA4e3EAd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOmPY1a</latexit>

h� 1
<latexit sha1_base64="SnfqHUlAn1V3ng6kds+0o8sugiI=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyI1C4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq1qte6rjTqeR1FOINzuAQPbqABd9CENjBAeIZXeHMenRfn3flYRgtOPnMKf+B8/gCoj4zQ</latexit>

P
<latexit sha1_base64="a32aqMPGW9wjqrjG1MhC+fLCVq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBqhOM0Q==</latexit>

Q
<latexit sha1_base64="bKh9KlNaTHxZKbAeRzK6Ns2Zts4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePHYorWFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBor3Tcumv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWPl1Xvuuo1ryr1Wh5HEU7gFM7Bgxuowx00oAUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AsKiNYQ==</latexit>

P,Q
<latexit sha1_base64="2VR0PE/8Kh3nMMtPVqzu7tEjTA8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRHMMePEYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjGNzP/4Ylqw5S8t5OEhgIPJYsZwdZJ7Z5Iq/K8X674NX8OtEqCnFQgR7Nf/uoNFEkFlZZwbEw38BMbZlhbRjidlnqpoQkmYzykXUclFtSE2fzaKTpzygDFSruSFs3V3xMZFsZMROQ6BbYjs+zNxP+8bmrjepgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0r6oBVe14O6y0qjncRThBE6hCgFcQwNuoQktIPAIz/AKb57yXrx372PRWvDymWP4A+/zB/EVjq8=</latexit>

µ(n) Caron-Huot, 

Komargodski, Sever, 

Zhiboedov [1607.04253]

<latexit sha1_base64="TJ6hNqo2NByq5eWgUY/e9+Gr7Bw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBzO+M6A==</latexit>

h

<latexit sha1_base64="8g41cvpCEQPD6JU15cBfS7fIZzE="></latexit>

P (⌫) =
Ph

k=0 pk⌫
h�k Q(⌫) =

Ph
k=1 qk⌫

h�k

<latexit sha1_base64="5wX5gkpQXhS14rREMIuTQP22tJo=">AAAB9HicbVC7SgNBFL0bXzG+oiltBkPAKuxYaBohYGMZwTwgWZbZyWwyZPaRmdlAWNL5DzYWitj6GX6AnX6AX+AHOHkUmnjgXg7n3MvcOV4suNK2/WFl1tY3Nrey27md3b39g/zhUUNFiaSsTiMRyZZHFBM8ZHXNtWCtWDISeII1vcHV1G+OmFQ8Cm/1OGZOQHoh9zkl2khO7NroEg1dbDp280W7bM+AVglekGK1ULr7fvv6rLn59043oknAQk0FUaqN7Vg7KZGaU8EmuU6iWEzogPRY29CQBEw56ezoCSoZpYv8SJoKNZqpvzdSEig1DjwzGRDdV8veVPzPayfarzgpD+NEs5DOH/ITgXSEpgmgLpeMajE2hFDJza2I9okkVJucciYEvPzlVdI4K+PzMr7BxWoF5sjCMZzAKWC4gCpcQw3qQGEI9/AIT9bIerCerZf5aMZa7BTgD6zXH8hGlJY=</latexit>

p0 = q1 = 1



• Write    as a product over its roots:


• When                  , there exists some                 that equals    .


Galois meets Veneziano

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="HVvpCP4JhomaUieK/PR9RMCgwFE=">AAACHHicbVDNS8MwHE3n15xfVY9egkPYQEerorsIAy8eJ7gPWEtJ03QLS9OSpMIo+0O8+K948aCIFw+C/43p1oNOHyQ83ns/kt/zE0alsqwvo7S0vLK6Vl6vbGxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj69zv3RMhaczv1CQhboSGnIYUI6UlzzwLa06UHjs8rcMr6CQiDrzMQSwZoSmsaRmeQH17cynP1uueWbUa1gzwL7ELUgUF2p754QQxTiPCFWZIyoFtJcrNkFAUMzKtOKkkCcJjNCQDTTmKiHSz2XJTeKSVAIax0IcrOFN/TmQoknIS+ToZITWSi14u/ucNUhU23YzyJFWE4/lDYcqgimHeFAyoIFixiSYIC6r/CvEICYSV7rOiS7AXV/5LuqcN+6Jh355XW82ijjI4AIegBmxwCVrgBrRBB2DwAJ7AC3g1Ho1n4814n0dLRjGzD37B+PwG3xqf+A==</latexit>

f(µ, ⌫) =
Y

↵

(⌫ � ⌫↵(µ))

<latexit sha1_base64="MapkgYeY/FChFALaJ93XPJER914=">AAAB/3icbVDLSgNBEOz1GeMrKnjxMhgET2FXRHMMePEYwTwguyy9k0kyZHZ2mZkVwpqDv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u6JUcG1c99tZWV1b39gsbBW3d3b39ksHh02dZIqyBk1EotoRaia4ZA3DjWDtVDGMI8Fa0fBm4rcemNI8kfdmlLIgxr7kPU7RWCksHfsyC30U6QCJzyXxcyv447BUdivuFGSZeHNShjnqYenL7yY0i5k0VKDWHc9NTZCjMpwKNi76mWYp0iH2WcdSiTHTQT69f0zOrNIlvUTZkoZM1d8TOcZaj+LIdsZoBnrRm4j/eZ3M9KpBzmWaGSbpbFEvE8QkZBIG6XLFqBEjS5Aqbm8ldIAKqbGRFW0I3uLLy6R5UfGuKt7dZblWncdRgBM4hXPw4BpqcAt1aACFR3iGV3hznpwX5935mLWuOPOZI/gD5/MHvSqV5Q==</latexit>

⌫↵ 2 {⌫}



• Write    as a product over its roots:


• When                  , there exists some                 that equals    .


• We define our amplitude by the Galois sum over the Veneziano amplitude, 
sending                             :


• Sum is over the Galois group of the roots of  


• Simple poles at


Galois meets Veneziano

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n)

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="HVvpCP4JhomaUieK/PR9RMCgwFE=">AAACHHicbVDNS8MwHE3n15xfVY9egkPYQEerorsIAy8eJ7gPWEtJ03QLS9OSpMIo+0O8+K948aCIFw+C/43p1oNOHyQ83ns/kt/zE0alsqwvo7S0vLK6Vl6vbGxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj69zv3RMhaczv1CQhboSGnIYUI6UlzzwLa06UHjs8rcMr6CQiDrzMQSwZoSmsaRmeQH17cynP1uueWbUa1gzwL7ELUgUF2p754QQxTiPCFWZIyoFtJcrNkFAUMzKtOKkkCcJjNCQDTTmKiHSz2XJTeKSVAIax0IcrOFN/TmQoknIS+ToZITWSi14u/ucNUhU23YzyJFWE4/lDYcqgimHeFAyoIFixiSYIC6r/CvEICYSV7rOiS7AXV/5LuqcN+6Jh355XW82ijjI4AIegBmxwCVrgBrRBB2DwAJ7AC3g1Ho1n4814n0dLRjGzD37B+PwG3xqf+A==</latexit>

f(µ, ⌫) =
Y

↵

(⌫ � ⌫↵(µ))

<latexit sha1_base64="MapkgYeY/FChFALaJ93XPJER914=">AAAB/3icbVDLSgNBEOz1GeMrKnjxMhgET2FXRHMMePEYwTwguyy9k0kyZHZ2mZkVwpqDv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u6JUcG1c99tZWV1b39gsbBW3d3b39ksHh02dZIqyBk1EotoRaia4ZA3DjWDtVDGMI8Fa0fBm4rcemNI8kfdmlLIgxr7kPU7RWCksHfsyC30U6QCJzyXxcyv447BUdivuFGSZeHNShjnqYenL7yY0i5k0VKDWHc9NTZCjMpwKNi76mWYp0iH2WcdSiTHTQT69f0zOrNIlvUTZkoZM1d8TOcZaj+LIdsZoBnrRm4j/eZ3M9KpBzmWaGSbpbFEvE8QkZBIG6XLFqBEjS5Aqbm8ldIAKqbGRFW0I3uLLy6R5UfGuKt7dZblWncdRgBM4hXPw4BpqcAt1aACFR3iGV3hznpwX5935mLWuOPOZI/gD5/MHvSqV5Q==</latexit>

⌫↵ 2 {⌫}

<latexit sha1_base64="HLpPIlTgR2f8EHeZuoVl7f159aI=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOQQAi7IppjwIvHCOYB2RB6J5NkyOzsMtOrhJBv8OKvePGgiFdP3vwbJ4+DJhY01FR1M90VxFIYdN1vJ7W2vrG5ld7O7Ozu7R9kD4/qJko04zUWyUg3AzBcCsVrKFDyZqw5hIHkjWB4PfUb91wbEak7HMW8HUJfiZ5ggFbqZAumiL4W/QGC1tED9VXS8UHGA8ibQnH2CjhCHgudbM4tuTPQVeItSI4sUO1kv/xuxJKQK2QSjGl5boztMWgUTPJJxk8Mj4ENoc9blioIuWmPZydN6JlVurQXaVsK6Uz9PTGG0JhRGNjOEHBglr2p+J/XSrBXbo+FihPkis0/6iWSYkSn+dCu0JyhHFkCTAu7K2UD0MDQppixIXjLJ6+S+nnJuyx5txe5SnkRR5qckFOSJx65IhVyQ6qkRhh5JM/klbw5T86L8+58zFtTzmLmmPyB8/kDoGCdZA==</latexit>

s, t ! ⌫↵(s), ⌫�(t)
<latexit sha1_base64="v11L/Qx0HXVEX5CNgNO3hBEJh28=">AAACJnicbVDJSgNBEO1xN25Rj14agzCBEGZENJdAxItHBbNAJgw1nY5p7OkZumuEMORrvPgrXjwoIt78FDvLwe1Bwev3quiqF6VSGPS8D2dhcWl5ZXVtvbCxubW9U9zda5kk04w3WSIT3YnAcCkUb6JAyTup5hBHkreju4uJ377n2ohE3eAo5b0YbpUYCAZopbBYP3dNBcu0TgOTxWEegEyHUAkijjCm52GLuoHKwpnsmnJl+pq4LpbLYbHkVb0p6F/iz0mJzHEVFl+CfsKymCtkEozp+l6KvRw0Cib5uBBkhqfA7uCWdy1VEHPTy6dnjumRVfp0kGhbCulU/T6RQ2zMKI5sZww4NL+9ifif181wUOvlQqUZcsVmHw0ySTGhk8xoX2jOUI4sAaaF3ZWyIWhgaJMt2BD83yf/Ja3jqn9a9a9PSo3aPI41ckAOiUt8ckYa5JJckSZh5IE8kRfy6jw6z86b8z5rXXDmM/vkB5zPL9f0o4s=</latexit>

A(s, t) =
X

↵,�

AV (⌫↵(s), ⌫�(t))



• Write    as a product over its roots:


• When                  , there exists some                 that equals    .


• We define our amplitude by the Galois sum over the Veneziano amplitude, 
sending                             :


• Sum is over the Galois group of the roots of  


• Simple poles at


• We can write our amplitude in a remarkable dlog form as a kinematic 
transformation of the Mandelstam variables:


Galois meets Veneziano

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n) <latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="qP/zgdPeYxUsBQpTJL5Vp5U2Ux8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhAiSNgV0VyEgBePEcwDkyXMTmaTITOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0wEN+h5387K6tr6xmZuK7+9s7u3Xzg4bJg41ZTVaSxi3QqJYYIrVkeOgrUSzYgMBWuGw9up33xi2vBYPeAoYYEkfcUjTgla6dGc401HpiV11i0UvbI3g7tM/IwUIUOtW/jq9GKaSqaQCmJM2/cSDMZEI6eCTfKd1LCE0CHps7alikhmgvHs4ol7apWeG8XalkJ3pv6eGBNpzEiGtlMSHJhFbyr+57VTjCrBmKskRabofFGUChdjd/q+2+OaURQjSwjV3N7q0gHRhKINKW9D8BdfXiaNi7J/VfbvL4vVShZHDo7hBErgwzVU4Q5qUAcKCp7hFd4c47w4787HvHXFyWaO4A+czx+MS5An</latexit>

s, t = µ(n)

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="HVvpCP4JhomaUieK/PR9RMCgwFE=">AAACHHicbVDNS8MwHE3n15xfVY9egkPYQEerorsIAy8eJ7gPWEtJ03QLS9OSpMIo+0O8+K948aCIFw+C/43p1oNOHyQ83ns/kt/zE0alsqwvo7S0vLK6Vl6vbGxube+Yu3tdGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnj69zv3RMhaczv1CQhboSGnIYUI6UlzzwLa06UHjs8rcMr6CQiDrzMQSwZoSmsaRmeQH17cynP1uueWbUa1gzwL7ELUgUF2p754QQxTiPCFWZIyoFtJcrNkFAUMzKtOKkkCcJjNCQDTTmKiHSz2XJTeKSVAIax0IcrOFN/TmQoknIS+ToZITWSi14u/ucNUhU23YzyJFWE4/lDYcqgimHeFAyoIFixiSYIC6r/CvEICYSV7rOiS7AXV/5LuqcN+6Jh355XW82ijjI4AIegBmxwCVrgBrRBB2DwAJ7AC3g1Ho1n4814n0dLRjGzD37B+PwG3xqf+A==</latexit>

f(µ, ⌫) =
Y

↵

(⌫ � ⌫↵(µ))

<latexit sha1_base64="MapkgYeY/FChFALaJ93XPJER914=">AAAB/3icbVDLSgNBEOz1GeMrKnjxMhgET2FXRHMMePEYwTwguyy9k0kyZHZ2mZkVwpqDv+LFgyJe/Q1v/o2Tx0ETCxqKqm66u6JUcG1c99tZWV1b39gsbBW3d3b39ksHh02dZIqyBk1EotoRaia4ZA3DjWDtVDGMI8Fa0fBm4rcemNI8kfdmlLIgxr7kPU7RWCksHfsyC30U6QCJzyXxcyv447BUdivuFGSZeHNShjnqYenL7yY0i5k0VKDWHc9NTZCjMpwKNi76mWYp0iH2WcdSiTHTQT69f0zOrNIlvUTZkoZM1d8TOcZaj+LIdsZoBnrRm4j/eZ3M9KpBzmWaGSbpbFEvE8QkZBIG6XLFqBEjS5Aqbm8ldIAKqbGRFW0I3uLLy6R5UfGuKt7dZblWncdRgBM4hXPw4BpqcAt1aACFR3iGV3hznpwX5935mLWuOPOZI/gD5/MHvSqV5Q==</latexit>

⌫↵ 2 {⌫}

<latexit sha1_base64="HLpPIlTgR2f8EHeZuoVl7f159aI=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOQQAi7IppjwIvHCOYB2RB6J5NkyOzsMtOrhJBv8OKvePGgiFdP3vwbJ4+DJhY01FR1M90VxFIYdN1vJ7W2vrG5ld7O7Ozu7R9kD4/qJko04zUWyUg3AzBcCsVrKFDyZqw5hIHkjWB4PfUb91wbEak7HMW8HUJfiZ5ggFbqZAumiL4W/QGC1tED9VXS8UHGA8ibQnH2CjhCHgudbM4tuTPQVeItSI4sUO1kv/xuxJKQK2QSjGl5boztMWgUTPJJxk8Mj4ENoc9blioIuWmPZydN6JlVurQXaVsK6Uz9PTGG0JhRGNjOEHBglr2p+J/XSrBXbo+FihPkis0/6iWSYkSn+dCu0JyhHFkCTAu7K2UD0MDQppixIXjLJ6+S+nnJuyx5txe5SnkRR5qckFOSJx65IhVyQ6qkRhh5JM/klbw5T86L8+58zFtTzmLmmPyB8/kDoGCdZA==</latexit>

s, t ! ⌫↵(s), ⌫�(t)
<latexit sha1_base64="v11L/Qx0HXVEX5CNgNO3hBEJh28=">AAACJnicbVDJSgNBEO1xN25Rj14agzCBEGZENJdAxItHBbNAJgw1nY5p7OkZumuEMORrvPgrXjwoIt78FDvLwe1Bwev3quiqF6VSGPS8D2dhcWl5ZXVtvbCxubW9U9zda5kk04w3WSIT3YnAcCkUb6JAyTup5hBHkreju4uJ377n2ohE3eAo5b0YbpUYCAZopbBYP3dNBcu0TgOTxWEegEyHUAkijjCm52GLuoHKwpnsmnJl+pq4LpbLYbHkVb0p6F/iz0mJzHEVFl+CfsKymCtkEozp+l6KvRw0Cib5uBBkhqfA7uCWdy1VEHPTy6dnjumRVfp0kGhbCulU/T6RQ2zMKI5sZww4NL+9ifif181wUOvlQqUZcsVmHw0ySTGhk8xoX2jOUI4sAaaF3ZWyIWhgaJMt2BD83yf/Ja3jqn9a9a9PSo3aPI41ckAOiUt8ckYa5JJckSZh5IE8kRfy6jw6z86b8z5rXXDmM/vkB5zPL9f0o4s=</latexit>

A(s, t) =
X

↵,�

AV (⌫↵(s), ⌫�(t))

<latexit sha1_base64="HxSPtnRjxBmhjrjiKFnaia308kI="></latexit>

A(s, t) =
1

2⇡i

I X

↵

d�

� � ⌫↵(s)

1

2⇡i

I X

�

d⌧

⌧ � ⌫�(t)
AV (�, ⌧)

=

I
dlog f(s,�)

2⇡i

I
dlog f(t, ⌧)

2⇡i
AV (�, ⌧)



• In the Regge limit of             at fixed   , string amplitudes scale exponentially,


• How do the roots          behave in this limit? 

• One (call it     ) asymptotes to   :

• The other          limit to the   -independent roots of


• The Regge limit of our bespoke amplitude therefore goes like:


Asymptotics and control theory

<latexit sha1_base64="MB4i4gWcPL3FGmcRquRLBS+2Ock=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIaI8FLx4r2FZoQ9lsN+3SzW7Ynagh9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YSK4Ac/7dkpr6xubW+Xtys7u3v6Be1jtGJVqytpUCaXvQ2KY4JK1gYNg94lmJA4F64aT65nffWDacCXvIEtYEJOR5BGnBKw0cKumr/loDERr9djnMoJs4Na8ujcHXiV+QWqoQGvgfvWHiqYxk0AFMabnewkEOdHAqWDTSj81LCF0QkasZ6kkMTNBPr99ik+tMsSR0rYk4Ln6eyInsTFZHNrOmMDYLHsz8T+vl0LUCHIukxSYpItFUSowKDwLAg+5ZhREZgmhmttbMR0TTSjYuCo2BH/55VXSOa/7l3X/9qLWbBRxlNExOkFnyEdXqIluUAu1EUVP6Bm9ojdn6rw4787HorXkFDNH6A+czx/n7pT5</latexit>

s ! 1 <latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="fyFgN9MpWa3S+bDS3urYHxnKUk8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSmJiPZY8eKxgv2ANobNdtMu3WzC7kQptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt5VbWV1b38hvFra2d3b37OJ+U8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ76rQemNI/lHYwS5kWkL3nIKQEj+Xbxym+W9Smc4K7mEdb34Nslp+LMgJeJm5ESylD37a9uL6ZpxCRQQbTuuE4C3pgo4FSwSaGbapYQOiR91jFUkohpbzw7fYKPjdLDYaxMScAz9ffEmERaj6LAdEYEBnrRm4r/eZ0Uwqo35jJJgUk6XxSmAkOMpzngHleMghgZQqji5lZMB0QRCiatggnBXXx5mTTPKu5Fxb09L9WqWRx5dIiOUBm56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvzVnZzAH6A+vzB3xgktU=</latexit>

AV (s, t) ⇠ st

<latexit sha1_base64="wBIdZPwWDoC+ybru7jMrhZ/uwbk=">AAAB7HicbZDLSsNAFIZP6q1Gq1WXbgZLwVVJXGiXBUFcVjBtoQ1lMp20QyeTMBehhD6DGxeKuO2D+AjufBunl4W2/jDw8f/nMOecKONMac/7dgpb2zu7e8V99+CwdHRcPjltqdRIQgOS8lR2IqwoZ4IGmmlOO5mkOIk4bUfj23nefqJSsVQ86klGwwQPBYsZwdpaQU+YvtcvV7yatxDaBH8FlUbp01Tv3FmzX/7qDVJiEio04Vipru9lOsyx1IxwOnV7RtEMkzEe0q5FgROqwnwx7BRVrTNAcSrtExot3N8dOU6UmiSRrUywHqn1bG7+l3WNjuthzkRmNBVk+VFsONIpmm+OBkxSovnEAiaS2VkRGWGJibb3ce0R/PWVN6F1VfOva/6DX2nUYakinMMFXIIPN9CAe2hCAAQYPMMrvDnCeXHenY9lacFZ9ZzBHzmzHwkbkRI=</latexit>⌫0
<latexit sha1_base64="W8tPGPlqSxQUnBBt4Q+PIS+DAdg=">AAACD3icbVA9SwNBEN3zM4lfpzaCzWJQtIl3FppGCNpYKhgN5I5jb7OXLO7tHbtzSjwC/gAb/0oaC0Vsbe0Ef4ybxEKNDwYe780wMy9MBdfgOB/WxOTU9MxsoViam19YXLKXVy50kinK6jQRiWqERDPBJasDB8EaqWIkDgW7DK+OB/7lNVOaJ/IcuinzY9KWPOKUgJECe8sTPA5y7Sne7gBRKrnxuIyg2/NkFjjbemdX40M3sMtOxRkCjxP3m5Rra7efxbv+0Wlgv3uthGYxk0AF0brpOin4OVHAqWC9kpdplhJ6RdqsaagkMdN+PvynhzeN0sJRokxJwEP150ROYq27cWg6YwId/dcbiP95zQyiqp9zmWbAJB0tijKBIcGDcHCLK0ZBdA0hVHFzK6YdoggFE2HJhOD+fXmcXOxV3P2Ke+aWa1U0QgGtow20jVx0gGroBJ2iOqLoHvXRE3q2HqxH68V6HbVOWN8zq+gXrLcvH5afoA==</latexit>

lims!1 ⌫0(s)/s = 1<latexit sha1_base64="fWaU6VgtPFJA22Ba97uL401t6Lk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdXJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFt+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AKUzkTw=</latexit>s
<latexit sha1_base64="NptGhhQZG/nKIW/K2ru9a/yb324=">AAAB7XicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLjQLotuXLZgL9CWkkkzbWwmGZKMUIeCj+DGhSJu3fso7gQfxvSy0NYfAh//fw455/gRZ9q47peTWlldW99IZ7KbW9s7u7m9/bqWsSK0RiSXquljTTkTtGaY4bQZKYpDn9OGP7ya5I07qjST4saMItoJcV+wgBFsrFWvFtoiPu3m8m7RnQotgzeHfPnw/jvz8HFZ6eY+2z1J4pAKQzjWuuW5kekkWBlGOB1n27GmESZD3KctiwKHVHeS6bRjdGKdHgqksk8YNHV/dyQ41HoU+rYyxGagF7OJ+V/Wik1Q6iRMRLGhgsw+CmKOjEST1VGPKUoMH1nARDE7KyIDrDAx9kBZewRvceVlqJ8VvfOiV/Xy5RLMlIYjOIYCeHABZbiGCtSAwC08wjO8ONJ5cl6dt1lpypn3HMAfOe8/BzORuw==</latexit>

Q(⌫)
<latexit sha1_base64="+LzaCjDyJKGo2OP/LRGEhJ2gqCc=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuLFMXGiXBTeCm4r2Au1QMmmmDc1khiQjlKGP4MaFIm59Ah9FuvFB3Jtpu9DWHwIf/38OOef4seDauO6Xk1tZXVvfyG8WtrZ3dveK+wcNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/rDqyxvPjCleSTvzShmXkj6kgecEmOtu8EZ7hZLbtmdCi0DnkOpCt8fk0nuptYtfnZ6EU1CJg0VROs2dmPjpUQZTgUbFzqJZjGhQ9JnbYuShEx76XTUMTqxTg8FkbJPGjR1f3ekJNR6FPq2MiRmoBezzPwvaycmqHgpl3FimKSzj4JEIBOhbG/U44pRI0YWCFXczorogChCjb1OwR4BL668DI3zMr4o41tcqlZgpjwcwTGcAoZLqMI11KAOFPrwCM/w4gjnyXl13malOWfecwh/5Lz/ANcbkTM=</latexit>

h� 1 <latexit sha1_base64="fWaU6VgtPFJA22Ba97uL401t6Lk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdXJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFt+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AKUzkTw=</latexit>s

<latexit sha1_base64="VREhzgYZMdIDomoBrr0uX0FZ9Ew=">AAAB9HicbVC7SgNBFJ2NryS+ojaCzWAQYhN2LTRl0MYygnlAdgl3J7PJkNnZdWY2EJeAf2FjoYithZ9iJ/gxTh6FJh64cDjnXu69x485U9q2v6zMyura+kY2l9/c2t7ZLeztN1SUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36g6uJ3xxSqVgkbvUopl4IPcECRkAbyXNF0nGBx30oqdNOoWiX7SnwMnHmpFg9vP/OPXxc1jqFT7cbkSSkQhMOSrUdO9ZeClIzwuk47yaKxkAG0KNtQwWEVHnp9OgxPjFKFweRNCU0nqq/J1IIlRqFvukMQffVojcR//PaiQ4qXspEnGgqyGxRkHCsIzxJAHeZpETzkSFAJDO3YtIHCUSbnPImBGfx5WXSOCs752XnxilWK2iGLDpCx6iEHHSBquga1VAdEXSHHtEzerGG1pP1ar3NWjPWfOYA/YH1/gOEVJTk</latexit>

⌫↵(s)

<latexit sha1_base64="okSfan5j2OSBOWPFi/1/4BRmHGk="></latexit>

A1(t) ⇠ lim
s!1

X

�

✓
s⌫�(t) +

X

↵ 6=0

⌫↵(s)
⌫�(t)

◆



Control theory: Hurwitz stability, Kharitonov’s theorem, etc.

• In the Regge limit of             at fixed   , string amplitudes scale exponentially,


• How do the roots          behave in this limit? 

• One (call it     ) asymptotes to   :

• The other          limit to the   -independent roots of


• The Regge limit of our bespoke amplitude therefore goes like:


• Dual resonance demands well defined           , which requires:


                                                     for all    , over our chosen range of 

Asymptotics and control theory

<latexit sha1_base64="MB4i4gWcPL3FGmcRquRLBS+2Ock=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIaI8FLx4r2FZoQ9lsN+3SzW7Ynagh9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YSK4Ac/7dkpr6xubW+Xtys7u3v6Be1jtGJVqytpUCaXvQ2KY4JK1gYNg94lmJA4F64aT65nffWDacCXvIEtYEJOR5BGnBKw0cKumr/loDERr9djnMoJs4Na8ujcHXiV+QWqoQGvgfvWHiqYxk0AFMabnewkEOdHAqWDTSj81LCF0QkasZ6kkMTNBPr99ik+tMsSR0rYk4Ln6eyInsTFZHNrOmMDYLHsz8T+vl0LUCHIukxSYpItFUSowKDwLAg+5ZhREZgmhmttbMR0TTSjYuCo2BH/55VXSOa/7l3X/9qLWbBRxlNExOkFnyEdXqIluUAu1EUVP6Bm9ojdn6rw4787HorXkFDNH6A+czx/n7pT5</latexit>

s ! 1 <latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="fyFgN9MpWa3S+bDS3urYHxnKUk8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSmJiPZY8eKxgv2ANobNdtMu3WzC7kQptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt5VbWV1b38hvFra2d3b37OJ+U8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ76rQemNI/lHYwS5kWkL3nIKQEj+Xbxym+W9Smc4K7mEdb34Nslp+LMgJeJm5ESylD37a9uL6ZpxCRQQbTuuE4C3pgo4FSwSaGbapYQOiR91jFUkohpbzw7fYKPjdLDYaxMScAz9ffEmERaj6LAdEYEBnrRm4r/eZ0Uwqo35jJJgUk6XxSmAkOMpzngHleMghgZQqji5lZMB0QRCiatggnBXXx5mTTPKu5Fxb09L9WqWRx5dIiOUBm56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvzVnZzAH6A+vzB3xgktU=</latexit>

AV (s, t) ⇠ st

<latexit sha1_base64="wBIdZPwWDoC+ybru7jMrhZ/uwbk=">AAAB7HicbZDLSsNAFIZP6q1Gq1WXbgZLwVVJXGiXBUFcVjBtoQ1lMp20QyeTMBehhD6DGxeKuO2D+AjufBunl4W2/jDw8f/nMOecKONMac/7dgpb2zu7e8V99+CwdHRcPjltqdRIQgOS8lR2IqwoZ4IGmmlOO5mkOIk4bUfj23nefqJSsVQ86klGwwQPBYsZwdpaQU+YvtcvV7yatxDaBH8FlUbp01Tv3FmzX/7qDVJiEio04Vipru9lOsyx1IxwOnV7RtEMkzEe0q5FgROqwnwx7BRVrTNAcSrtExot3N8dOU6UmiSRrUywHqn1bG7+l3WNjuthzkRmNBVk+VFsONIpmm+OBkxSovnEAiaS2VkRGWGJibb3ce0R/PWVN6F1VfOva/6DX2nUYakinMMFXIIPN9CAe2hCAAQYPMMrvDnCeXHenY9lacFZ9ZzBHzmzHwkbkRI=</latexit>⌫0
<latexit sha1_base64="W8tPGPlqSxQUnBBt4Q+PIS+DAdg=">AAACD3icbVA9SwNBEN3zM4lfpzaCzWJQtIl3FppGCNpYKhgN5I5jb7OXLO7tHbtzSjwC/gAb/0oaC0Vsbe0Ef4ybxEKNDwYe780wMy9MBdfgOB/WxOTU9MxsoViam19YXLKXVy50kinK6jQRiWqERDPBJasDB8EaqWIkDgW7DK+OB/7lNVOaJ/IcuinzY9KWPOKUgJECe8sTPA5y7Sne7gBRKrnxuIyg2/NkFjjbemdX40M3sMtOxRkCjxP3m5Rra7efxbv+0Wlgv3uthGYxk0AF0brpOin4OVHAqWC9kpdplhJ6RdqsaagkMdN+PvynhzeN0sJRokxJwEP150ROYq27cWg6YwId/dcbiP95zQyiqp9zmWbAJB0tijKBIcGDcHCLK0ZBdA0hVHFzK6YdoggFE2HJhOD+fXmcXOxV3P2Ke+aWa1U0QgGtow20jVx0gGroBJ2iOqLoHvXRE3q2HqxH68V6HbVOWN8zq+gXrLcvH5afoA==</latexit>

lims!1 ⌫0(s)/s = 1<latexit sha1_base64="fWaU6VgtPFJA22Ba97uL401t6Lk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdXJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFt+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AKUzkTw=</latexit>s
<latexit sha1_base64="NptGhhQZG/nKIW/K2ru9a/yb324=">AAAB7XicbZDLSgMxFIbP1Ftbb1U3gptgEeqmzLjQLotuXLZgL9CWkkkzbWwmGZKMUIeCj+DGhSJu3fso7gQfxvSy0NYfAh//fw455/gRZ9q47peTWlldW99IZ7KbW9s7u7m9/bqWsSK0RiSXquljTTkTtGaY4bQZKYpDn9OGP7ya5I07qjST4saMItoJcV+wgBFsrFWvFtoiPu3m8m7RnQotgzeHfPnw/jvz8HFZ6eY+2z1J4pAKQzjWuuW5kekkWBlGOB1n27GmESZD3KctiwKHVHeS6bRjdGKdHgqksk8YNHV/dyQ41HoU+rYyxGagF7OJ+V/Wik1Q6iRMRLGhgsw+CmKOjEST1VGPKUoMH1nARDE7KyIDrDAx9kBZewRvceVlqJ8VvfOiV/Xy5RLMlIYjOIYCeHABZbiGCtSAwC08wjO8ONJ5cl6dt1lpypn3HMAfOe8/BzORuw==</latexit>

Q(⌫)
<latexit sha1_base64="+LzaCjDyJKGo2OP/LRGEhJ2gqCc=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuLFMXGiXBTeCm4r2Au1QMmmmDc1khiQjlKGP4MaFIm59Ah9FuvFB3Jtpu9DWHwIf/38OOef4seDauO6Xk1tZXVvfyG8WtrZ3dveK+wcNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/rDqyxvPjCleSTvzShmXkj6kgecEmOtu8EZ7hZLbtmdCi0DnkOpCt8fk0nuptYtfnZ6EU1CJg0VROs2dmPjpUQZTgUbFzqJZjGhQ9JnbYuShEx76XTUMTqxTg8FkbJPGjR1f3ekJNR6FPq2MiRmoBezzPwvaycmqHgpl3FimKSzj4JEIBOhbG/U44pRI0YWCFXczorogChCjb1OwR4BL668DI3zMr4o41tcqlZgpjwcwTGcAoZLqMI11KAOFPrwCM/w4gjnyXl13malOWfecwh/5Lz/ANcbkTM=</latexit>

h� 1 <latexit sha1_base64="fWaU6VgtPFJA22Ba97uL401t6Lk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdXJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFt+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AKUzkTw=</latexit>s

<latexit sha1_base64="VREhzgYZMdIDomoBrr0uX0FZ9Ew=">AAAB9HicbVC7SgNBFJ2NryS+ojaCzWAQYhN2LTRl0MYygnlAdgl3J7PJkNnZdWY2EJeAf2FjoYithZ9iJ/gxTh6FJh64cDjnXu69x485U9q2v6zMyura+kY2l9/c2t7ZLeztN1SUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36g6uJ3xxSqVgkbvUopl4IPcECRkAbyXNF0nGBx30oqdNOoWiX7SnwMnHmpFg9vP/OPXxc1jqFT7cbkSSkQhMOSrUdO9ZeClIzwuk47yaKxkAG0KNtQwWEVHnp9OgxPjFKFweRNCU0nqq/J1IIlRqFvukMQffVojcR//PaiQ4qXspEnGgqyGxRkHCsIzxJAHeZpETzkSFAJDO3YtIHCUSbnPImBGfx5WXSOCs752XnxilWK2iGLDpCx6iEHHSBquga1VAdEXSHHtEzerGG1pP1ar3NWjPWfOYA/YH1/gOEVJTk</latexit>

⌫↵(s)

<latexit sha1_base64="okSfan5j2OSBOWPFi/1/4BRmHGk="></latexit>

A1(t) ⇠ lim
s!1

X

�

✓
s⌫�(t) +

X

↵ 6=0

⌫↵(s)
⌫�(t)

◆

<latexit sha1_base64="R+9ofRBzMFrZOeLm/lZjkPHNq6U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEtMeKF48V7AekoWy2m3bpZjfsToQQ+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SqKWtTJZTuhcQwwSVrAwfBeolmJA4F64aTu5nffWLacCUfIUtYEJOR5BGnBKzk3w76XEaQ1eBiUKm6dXcOvEq8glRRgdag8tUfKprGTAIVxBjfcxMIcqKBU8Gm5X5qWELohIyYb6kkMTNBPj95is+tMsSR0rYk4Ln6eyInsTFZHNrOmMDYLHsz8T/PTyFqBDmXSQpM0sWiKBUYFJ79j4dcMwois4RQze2tmI6JJhRsSmUbgrf88irpXNa967r3cFVtNoo4SugUnaEa8tANaqJ71EJtRJFCz+gVvTngvDjvzseidc0pZk7QHzifP6VXkM8=</latexit>

A1(t)

<latexit sha1_base64="mDTyRVx8LNjVIPgskXUr8ddGO7g=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgxCbciWgKi4CNpYrRQO4Ie5uJWbK3d+zOCeGIjX/FxkIRW/+Fnf/GTbxCEx8MPN6bYWZemEhh0HW/nMLc/MLiUnG5tLK6tr5R3ty6MXGqOTR5LGPdCpkBKRQ0UaCEVqKBRaGE23BwNvZv70EbEatrHCYQROxOiZ7gDK3UKe9kvo7oFYyqvko7fgjIqnhwcOp2yhW35k5AZ4mXkwrJcdEpf/rdmKcRKOSSGdP23ASDjGkUXMKo5KcGEsYH7A7alioWgQmyyQcjum+VLu3F2pZCOlF/T2QsMmYYhbYzYtg3095Y/M9rp9irB5lQSYqg+M+iXiopxnQcB+0KDRzl0BLGtbC3Ut5nmnG0oZVsCN70y7Pk5rDmHde8y6NKo57HUSS7ZI9UiUdOSIOckwvSJJw8kCfyQl6dR+fZeXPef1oLTj6zTf7A+fgGtFGVuQ==</latexit>

Re(⌫�(t)) < 0
<latexit sha1_base64="knRZWkFpt+Cyx+SsfVutTzr3zQ4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddK+qns3de/hutZsFHGU4QzO4RI8uIUm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDCzI6g</latexit>

�
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)
<latexit sha1_base64="h/NeKFOwfCxkd8IKfGf3cMkhxkg="></latexit>

A1(t) =
X

↵ 6=0

X

�

AV ( lim
s!1

⌫↵(s), ⌫�(t))



<latexit sha1_base64="aMZK62G2kMlit0t49GP2ADRbA5c="></latexit>X

↵

1

n� ⌫↵(s)
=

@nf(s, n)

f(s, n)

• Given     satisfying the control theory conditions,           has a dual resonant 
representation,


• The branch cuts in    cancel in the Galois sum over the propagators:


Dual resonance and Newton’s identities

<latexit sha1_base64="iMuoKVEx0LXUOpFBQvbW+mk3JHY="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s

<latexit sha1_base64="fWaU6VgtPFJA22Ba97uL401t6Lk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FprOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdXJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFt+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AKUzkTw=</latexit>s

<latexit sha1_base64="aWB/73gPhUvjihKQsY3Pl76FGnY=">AAAB6HicbZC7SgNBFIbPxluMt2hKm8UQsAq7FpoyYGOZgLlAsoTZydlkzOzsMjMrhCWdnY2FIrY+jA9gpw/gE/gATi6FJv4w8PH/5zDnHD/mTGnH+bAya+sbm1vZ7dzO7t7+Qf7wqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80eU0b92iVCwS13ocoxeSgWABo0Qbqx708kWn7Mxkr4K7gGK1ULr7fvv6rPXy791+RJMQhaacKNVxnVh7KZGaUY6TXDdRGBM6IgPsGBQkROWls0Endsk4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajmbmv9lnUQHFS9lIk40Cjr/KEi4rSN7urXdZxKp5mMDhEpmZrXpkEhCtblNzhzBXV55FZpnZfe87NbdYrUCc2XhGE7gFFy4gCpcQQ0aQAHhHh7hybqxHqxn62VemrEWPQX4I+v1B8TIkVk=</latexit>

f
<latexit sha1_base64="XREiiEyf23nvBCE3NgPm9e/xtOU=">AAAB7XicbZDLSgMxFIYzXtt6q7oR3ASLUEHKjAvtsurGZQV7gXYomTTTxmaSITkj1FLwEdy4UMStex/FneDDmF4W2vpD4OP/zyHnnCAW3IDrfjkLi0vLK6updGZtfWNzK7u9UzUq0ZRVqBJK1wNimOCSVYCDYPVYMxIFgtWC3uUor90xbbiSN9CPmR+RjuQhpwSsVT3Pm2M4amVzbsEdC8+DN4Vcae/+O/3wcVFuZT+bbUWTiEmgghjT8NwY/AHRwKlgw0wzMSwmtEc6rGFRkogZfzCedogPrdPGodL2ScBj93fHgETG9KPAVkYEumY2G5n/ZY0EwqI/4DJOgEk6+ShMBAaFR6vjNteMguhbIFRzOyumXaIJBXugjD2CN7vyPFRPCt5pwbv2cqUimiiF9tEByiMPnaESukJlVEEU3aJH9IxeHOU8Oa/O26R0wZn27KI/ct5/AKukkX8=</latexit>

A(s, t)



• Given     satisfying the control theory conditions,           has a dual resonant 
representation,


• The residues             are polynomials in  . All of the branch cuts in the        
have precisely cancelled. This is a consequence of Galois theory, and can be 
formally proved using the fundamental theorem of symmetric polynomials.


Dual resonance and Newton’s identities

<latexit sha1_base64="iMuoKVEx0LXUOpFBQvbW+mk3JHY="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s

<latexit sha1_base64="aWB/73gPhUvjihKQsY3Pl76FGnY=">AAAB6HicbZC7SgNBFIbPxluMt2hKm8UQsAq7FpoyYGOZgLlAsoTZydlkzOzsMjMrhCWdnY2FIrY+jA9gpw/gE/gATi6FJv4w8PH/5zDnHD/mTGnH+bAya+sbm1vZ7dzO7t7+Qf7wqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80eU0b92iVCwS13ocoxeSgWABo0Qbqx708kWn7Mxkr4K7gGK1ULr7fvv6rPXy791+RJMQhaacKNVxnVh7KZGaUY6TXDdRGBM6IgPsGBQkROWls0Endsk4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajmbmv9lnUQHFS9lIk40Cjr/KEi4rSN7urXdZxKp5mMDhEpmZrXpkEhCtblNzhzBXV55FZpnZfe87NbdYrUCc2XhGE7gFFy4gCpcQQ0aQAHhHh7hybqxHqxn62VemrEWPQX4I+v1B8TIkVk=</latexit>

f

<latexit sha1_base64="THXl2ohKw4k7nr2ginI6ZIyJFFk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQQcKuiOYY8OIxinlAsoTZySQZMzuzzPQKYck/ePGgiFf/x5t/4yTZg0YLGoqqbrq7wlhwg5735eRWVtfWN/Kbha3tnd294v5B06hEU9agSijdDolhgkvWQI6CtWPNSBQK1grH1zO/9ci04Ure4yRmQUSGkg84JWil5l1ZnuFpr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBQTVIuYwTZJIuFg0S4aJyZ6+7fa4ZRTGxhFDN7a0uHRFNKNqACjYEf/nlv6R5XvEvK/7tRalWzeLIwxEcQxl8uIIa3EAdGkDhAZ7gBV4d5Tw7b877ojXnZDOH8AvOxzd8mI5j</latexit>

R(n, t)
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="XREiiEyf23nvBCE3NgPm9e/xtOU=">AAAB7XicbZDLSgMxFIYzXtt6q7oR3ASLUEHKjAvtsurGZQV7gXYomTTTxmaSITkj1FLwEdy4UMStex/FneDDmF4W2vpD4OP/zyHnnCAW3IDrfjkLi0vLK6updGZtfWNzK7u9UzUq0ZRVqBJK1wNimOCSVYCDYPVYMxIFgtWC3uUor90xbbiSN9CPmR+RjuQhpwSsVT3Pm2M4amVzbsEdC8+DN4Vcae/+O/3wcVFuZT+bbUWTiEmgghjT8NwY/AHRwKlgw0wzMSwmtEc6rGFRkogZfzCedogPrdPGodL2ScBj93fHgETG9KPAVkYEumY2G5n/ZY0EwqI/4DJOgEk6+ShMBAaFR6vjNteMguhbIFRzOyumXaIJBXugjD2CN7vyPFRPCt5pwbv2cqUimiiF9tEByiMPnaESukJlVEEU3aJH9IxeHOU8Oa/O26R0wZn27KI/ct5/AKukkX8=</latexit>

A(s, t)

<latexit sha1_base64="LxGeeudPEKCYYuhDwHLLhpBIByM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyUR0R4LXjxWsB/QhLLZbtulm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzolRwjZ737RQ2Nre2d4q7pb39g8Oj8vFJWydGUdaiiUhUNyKaCS5ZCzkK1k0VI3EkWCea3M39zhNTmifyEacpC2MyknzIKUErBYE0/SBiSKp42S9XvJq3gLtO/JxUIEezX/4KBgk1MZNIBdG653sphhlRyKlgs1JgNEsJnZAR61kqScx0mC1unrkXVhm4w0TZkugu1N8TGYm1nsaR7YwJjvWqNxf/83oGh/Uw4zI1yCRdLhoa4WLizgNwB1wximJqCaGK21tdOiaKULQxlWwI/urL66R9VfNvav7DdaVRz+MowhmcQxV8uIUG3EMTWkAhhWd4hTfHOC/Ou/OxbC04+cwp/IHz+QN5wpFJ</latexit>

⌫�(t)



• Given     satisfying the control theory conditions,           has a dual resonant 
representation,


• The residues             are polynomials in  . All of the branch cuts in the        
have precisely cancelled. We can calculate them directly by computing the 
power sums                               using Newton’s identities:


<latexit sha1_base64="LxGeeudPEKCYYuhDwHLLhpBIByM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyUR0R4LXjxWsB/QhLLZbtulm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzolRwjZ737RQ2Nre2d4q7pb39g8Oj8vFJWydGUdaiiUhUNyKaCS5ZCzkK1k0VI3EkWCea3M39zhNTmifyEacpC2MyknzIKUErBYE0/SBiSKp42S9XvJq3gLtO/JxUIEezX/4KBgk1MZNIBdG653sphhlRyKlgs1JgNEsJnZAR61kqScx0mC1unrkXVhm4w0TZkugu1N8TGYm1nsaR7YwJjvWqNxf/83oGh/Uw4zI1yCRdLhoa4WLizgNwB1wximJqCaGK21tdOiaKULQxlWwI/urL66R9VfNvav7DdaVRz+MowhmcQxV8uIUG3EMTWkAhhWd4hTfHOC/Ou/OxbC04+cwp/IHz+QN5wpFJ</latexit>

⌫�(t)

Dual resonance and Newton’s identities

<latexit sha1_base64="iMuoKVEx0LXUOpFBQvbW+mk3JHY="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s

<latexit sha1_base64="aWB/73gPhUvjihKQsY3Pl76FGnY=">AAAB6HicbZC7SgNBFIbPxluMt2hKm8UQsAq7FpoyYGOZgLlAsoTZydlkzOzsMjMrhCWdnY2FIrY+jA9gpw/gE/gATi6FJv4w8PH/5zDnHD/mTGnH+bAya+sbm1vZ7dzO7t7+Qf7wqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80eU0b92iVCwS13ocoxeSgWABo0Qbqx708kWn7Mxkr4K7gGK1ULr7fvv6rPXy791+RJMQhaacKNVxnVh7KZGaUY6TXDdRGBM6IgPsGBQkROWls0Endsk4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajmbmv9lnUQHFS9lIk40Cjr/KEi4rSN7urXdZxKp5mMDhEpmZrXpkEhCtblNzhzBXV55FZpnZfe87NbdYrUCc2XhGE7gFFy4gCpcQQ0aQAHhHh7hybqxHqxn62VemrEWPQX4I+v1B8TIkVk=</latexit>

f

<latexit sha1_base64="THXl2ohKw4k7nr2ginI6ZIyJFFk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQQcKuiOYY8OIxinlAsoTZySQZMzuzzPQKYck/ePGgiFf/x5t/4yTZg0YLGoqqbrq7wlhwg5735eRWVtfWN/Kbha3tnd294v5B06hEU9agSijdDolhgkvWQI6CtWPNSBQK1grH1zO/9ci04Ure4yRmQUSGkg84JWil5l1ZnuFpr1jyKt4c7l/iZ6QEGeq94me3r2gSMYlUEGM6vhdjkBKNnAo2LXQTw2JCx2TIOpZKEjETpPNrp+6JVfruQGlbEt25+nMiJZExkyi0nRHBkVn2ZuJ/XifBQTVIuYwTZJIuFg0S4aJyZ6+7fa4ZRTGxhFDN7a0uHRFNKNqACjYEf/nlv6R5XvEvK/7tRalWzeLIwxEcQxl8uIIa3EAdGkDhAZ7gBV4d5Tw7b877ojXnZDOH8AvOxzd8mI5j</latexit>

R(n, t)
<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="XREiiEyf23nvBCE3NgPm9e/xtOU=">AAAB7XicbZDLSgMxFIYzXtt6q7oR3ASLUEHKjAvtsurGZQV7gXYomTTTxmaSITkj1FLwEdy4UMStex/FneDDmF4W2vpD4OP/zyHnnCAW3IDrfjkLi0vLK6updGZtfWNzK7u9UzUq0ZRVqBJK1wNimOCSVYCDYPVYMxIFgtWC3uUor90xbbiSN9CPmR+RjuQhpwSsVT3Pm2M4amVzbsEdC8+DN4Vcae/+O/3wcVFuZT+bbUWTiEmgghjT8NwY/AHRwKlgw0wzMSwmtEc6rGFRkogZfzCedogPrdPGodL2ScBj93fHgETG9KPAVkYEumY2G5n/ZY0EwqI/4DJOgEk6+ShMBAaFR6vjNteMguhbIFRzOyumXaIJBXugjD2CN7vyPFRPCt5pwbv2cqUimiiF9tEByiMPnaESukJlVEEU3aJH9IxeHOU8Oa/O26R0wZn27KI/ct5/AKukkX8=</latexit>

A(s, t)

<latexit sha1_base64="bcFhalTlWiD88pulvZNUXDcyS/A=">AAAB7XicbZDLSgMxFIYz9dbWW9WN4CZYhLopMy60y6IblxXsBdpSMplMG5tJhuSMUIeCj+DGhSJu3fso7gQfxvSy0OoPgY//P4ecc/xYcAOu++lklpZXVteyufz6xubWdmFnt2FUoimrUyWUbvnEMMElqwMHwVqxZiTyBWv6w4tJ3rxl2nAlr2EUs25E+pKHnBKwViPoDUtw3CsU3bI7Ff4L3hyK1f27r9z9+3mtV/joBIomEZNABTGm7bkxdFOigVPBxvlOYlhM6JD0WduiJBEz3XQ67RgfWSfAodL2ScBT92dHSiJjRpFvKyMCA7OYTcz/snYCYaWbchknwCSdfRQmAoPCk9VxwDWjIEYWCNXczorpgGhCwR4ob4/gLa78FxonZe+07F15xWoFzZRFB+gQlZCHzlAVXaIaqiOKbtADekLPjnIenRfndVaaceY9e+iXnLdvI1aRzQ==</latexit>

dk(t)

<latexit sha1_base64="jpL2vOXbO5W6nonbavl4/6NLrZ8="></latexit>

Sk(t) = (�1)k

������������

p1 � tq1 1 0 · · · 0
2(p2 � tq2) p1 � tq1 1 · · · 0

3(p3 � tq3) p2 � tq2 p1 � tq1 · · ·
...

...
...

...
. . . 1

k(pk � tqk) pk�1 � tqk�1 pk�2 � tqk�2 · · · p1 � tq1

������������

<latexit sha1_base64="8PZOa0GVxUbvgm7RE/UUd23H3ho=">AAACDXicbZDLSsNAFIYnXmu9RV0WYbAKdVMSF9qNUHDRLivYCzQxTCaTduhkEmYmQgl9ATe+iAs3LhRxJ+7d+TZOLwtt/WHg4//P4cw5fsKoVJb1bSwtr6yurec28ptb2zu75t5+S8apwKSJYxaLjo8kYZSTpqKKkU4iCIp8Rtr+4Gqct++IkDTmN2qYEDdCPU5DipHSlmceB96gpE7hJXRkGnkOYkkfQYenM9TZ7cAzi1bZmggugj2DYvWw9vFYK9QbnvnlBDFOI8IVZkjKrm0lys2QUBQzMso7qSQJwgPUI12NHEVEutlkmxE80U4Aw1joxxWcuL87MhRJOYx8XRkh1Zfz2dj8L+umKqy4GeVJqgjH00FhyqCK4fg0MKCCYMWGGhAWVP8V4j4SCCt9wLw+gj2/8iK0zsr2edm+tovVCpgqBwrgCJSADS5AFdRBAzQBBvfgCbyAV+PBeDbejPdp6ZIx6zkAf2R8/gBL+Z1b</latexit>

dk(t) =
P

↵ ⌫↵(t)k

<latexit sha1_base64="Q2l0g3YD6tLT4w9VxG5eFU983SM="></latexit>

R(n, t) =
µ0(n)

n!

nX

k=0


n+ 1
k + 1

�
Sk(t)

<latexit sha1_base64="bcFhalTlWiD88pulvZNUXDcyS/A=">AAAB7XicbZDLSgMxFIYz9dbWW9WN4CZYhLopMy60y6IblxXsBdpSMplMG5tJhuSMUIeCj+DGhSJu3fso7gQfxvSy0OoPgY//P4ecc/xYcAOu++lklpZXVteyufz6xubWdmFnt2FUoimrUyWUbvnEMMElqwMHwVqxZiTyBWv6w4tJ3rxl2nAlr2EUs25E+pKHnBKwViPoDUtw3CsU3bI7Ff4L3hyK1f27r9z9+3mtV/joBIomEZNABTGm7bkxdFOigVPBxvlOYlhM6JD0WduiJBEz3XQ67RgfWSfAodL2ScBT92dHSiJjRpFvKyMCA7OYTcz/snYCYaWbchknwCSdfRQmAoPCk9VxwDWjIEYWCNXczorpgGhCwR4ob4/gLa78FxonZe+07F15xWoFzZRFB+gQlZCHzlAVXaIaqiOKbtADekLPjnIenRfndVaaceY9e+iXnLdvI1aRzQ==</latexit>

dk(t)



• Given     satisfying the control theory conditions,           has a dual resonant 
representation,


• Even more directly, we can make use of the dlog form of the amplitude:


• Deforming the contour to            , we can explicitly calculate the residue 
coefficients:


Dual resonance and Newton’s identities

<latexit sha1_base64="iMuoKVEx0LXUOpFBQvbW+mk3JHY="></latexit>

A(s, t) = A1(t) +
1X

n=0

R(n, t)

µ(n)� s

<latexit sha1_base64="aWB/73gPhUvjihKQsY3Pl76FGnY=">AAAB6HicbZC7SgNBFIbPxluMt2hKm8UQsAq7FpoyYGOZgLlAsoTZydlkzOzsMjMrhCWdnY2FIrY+jA9gpw/gE/gATi6FJv4w8PH/5zDnHD/mTGnH+bAya+sbm1vZ7dzO7t7+Qf7wqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80eU0b92iVCwS13ocoxeSgWABo0Qbqx708kWn7Mxkr4K7gGK1ULr7fvv6rPXy791+RJMQhaacKNVxnVh7KZGaUY6TXDdRGBM6IgPsGBQkROWls0Endsk4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajmbmv9lnUQHFS9lIk40Cjr/KEi4rSN7urXdZxKp5mMDhEpmZrXpkEhCtblNzhzBXV55FZpnZfe87NbdYrUCc2XhGE7gFFy4gCpcQQ0aQAHhHh7hybqxHqxn62VemrEWPQX4I+v1B8TIkVk=</latexit>

f
<latexit sha1_base64="XREiiEyf23nvBCE3NgPm9e/xtOU=">AAAB7XicbZDLSgMxFIYzXtt6q7oR3ASLUEHKjAvtsurGZQV7gXYomTTTxmaSITkj1FLwEdy4UMStex/FneDDmF4W2vpD4OP/zyHnnCAW3IDrfjkLi0vLK6updGZtfWNzK7u9UzUq0ZRVqBJK1wNimOCSVYCDYPVYMxIFgtWC3uUor90xbbiSN9CPmR+RjuQhpwSsVT3Pm2M4amVzbsEdC8+DN4Vcae/+O/3wcVFuZT+bbUWTiEmgghjT8NwY/AHRwKlgw0wzMSwmtEc6rGFRkogZfzCedogPrdPGodL2ScBj93fHgETG9KPAVkYEumY2G5n/ZY0EwqI/4DJOgEk6+ShMBAaFR6vjNteMguhbIFRzOyumXaIJBXugjD2CN7vyPFRPCt5pwbv2cqUimiiF9tEByiMPnaESukJlVEEU3aJH9IxeHOU8Oa/O26R0wZn27KI/ct5/AKukkX8=</latexit>

A(s, t)

<latexit sha1_base64="UyqQKcLJNifILEt8gzM7YKq5qbk="></latexit>

R(n, t) = µ0(n)
X

�

RV (n, ⌫�(t)) =
µ0(n)

2⇡i

I
dlog(f(t, ⌧))RV (n, ⌧)

<latexit sha1_base64="//QypgTasjGsvi360QqN8oeCRLM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBSSib7aZdutkNuxMhhP4MLx4U8eqv8ea/cdvmoNUHA4/3ZpiZF6WCG3DdL6eytr6xuVXdru3s7u0f1A+PekZlmrIuVULpQUQME1yyLnAQbJBqRpJIsH40vZ37/UemDVfyAfKUhQkZSx5zSsBKfgAkuwm4jCEf1htu010A/yVeSRqoRGdY/wxGimYJk0AFMcb33BTCgmjgVLBZLcgMSwmdkjHzLZUkYSYsFifP8JlVRjhW2pYEvFB/ThQkMSZPItuZEJiYVW8u/uf5GcStsOAyzYBJulwUZwKDwvP/8YhrRkHklhCqub0V0wnRhIJNqWZD8FZf/kt6F03vqundXzbarTKOKjpBp+gceegatdEd6qAuokihJ/SCXh1wnp03533ZWnHKmWP0C87HN2V8kU0=</latexit>⌧ = 1

<latexit sha1_base64="awZ+D0mq00JaLvUEAmFVaKodISI="></latexit>

R(n, t) =
nX

k=0

bk(n)t
k

bk(n) =
(�1)n�kµ0(n)

k!(n� k)!
lim
⌧!1

⇥
⌧n�k+1@n�k

⌧

�
RV (n, ⌧) @⌧@

k
t log f(t, ⌧)

��
t=0

�⇤

<latexit sha1_base64="rEkn3cy+//8zT2SNCGSqlzYQidw=">AAACHXicbVBNSwMxEM36bf2qevQSLEIFKbsi2ktBUNCjgq1Cty7ZdGqD2eySzApl2T/ixb/ixYMiHryI/8Zs7UGrD0Je3pthMi9MpDDoup/OxOTU9Mzs3HxpYXFpeaW8utYycao5NHksY30VMgNSKGiiQAlXiQYWhRIuw9ujwr+8A21ErC5wkEAnYjdK9ARnaKWgvNfwTRoFmQ9SNtz8WlEWZGqneOb0JCju66x6vJ1XfR4bH/uAbDsoV9yaOwT9S7wRqZARzoLyu9+NeRqBQi6ZMW3PTbCTMY2CS8hLfmogYfyW3UDbUsUiMJ1suF1Ot6zSpb1Y26OQDtWfHRmLjBlEoa2MGPbNuFeI/3ntFHv1TiZUkiIo/j2ol0qKMS2iol2hgaMcWMK4FvavlPeZZhxtoCUbgje+8l/S2q15+zXvfK9yWB/FMUc2yCapEo8ckENySs5Ik3ByTx7JM3lxHpwn59V5+y6dcEY96+QXnI8veTahfw==</latexit>

=
nX

`=0

an,`G
(D)
` (cos ✓)



• A particularly nice choice of polynomials is the following:


• Residue at infinity gives a quartic contact term:


• Dual resonant amplitude:


• Satisfies partial wave unitarity for all                             , setting
<latexit sha1_base64="yN2J7rAcnh+d03R5khGNnqo2TkQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhItNUuC25cVrAPSEKZTCbt0MkkzEyEEurGX3HjQhG3/oU7/8Zpm4VWD9zL4Zx7mbknSBmVyra/jNLS8srqWnm9srG5tb1j7u51ZJIJTNo4YYnoBUgSRjlpK6oY6aWCoDhgpBuMrqd+954ISRN+p8Yp8WM04DSiGCkt9c0DLyRMIehRDt0z26qf6nZRr/l9s2pb9gzwL3EKUgUFWn3z0wsTnMWEK8yQlK5jp8rPkVAUMzKpeJkkKcIjNCCuphzFRPr57IIJPNZKCKNE6OIKztSfGzmKpRzHgZ6MkRrKRW8q/ue5mYoafk55minC8fyhKGNQJXAaBwypIFixsSYIC6r/CvEQCYSVDq2iQ3AWT/5LOueWc2k5t7Vqs1HEUQaH4AicAAdcgSa4AS3QBhg8gCfwAl6NR+PZeDPe56Mlo9jZB79gfHwDYxuUOw==</latexit>

� 2 [�0.5,�0.354]

Simplest nonlinear model

<latexit sha1_base64="y64Ly3YCV6FjapKuZ32Mxc781NE=">AAACEXicbVDLSgMxFM34rOOr6tJNsChTCmVSRLsRCm5ctmAf0BlLJk3b0ExmSDJCGfoLbvwVNy4UcevOnX9j+hC09cCFwzn3cu89QcyZ0q77Za2srq1vbGa27O2d3b397MFhQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8HriN++pVCwSt3oUUz/EfcF6jGBtpE7WqToiD8+uoLgrwQL0upRr7IgCykPPs2s/ZgF1sjm36E4BlwmakxyYo9rJfnrdiCQhFZpwrFQbubH2Uyw1I5yObS9RNMZkiPu0bajAIVV+Ov1oDE+N0oW9SJoSGk7V3xMpDpUahYHpDLEeqEVvIv7ntRPdK/spE3GiqSCzRb2EQx3BSTywyyQlmo8MwUQycyskAywx0SZE24SAFl9eJo1SEV0UUe08VynP48iAY3ACHIDAJaiAG1AFdUDAA3gCL+DVerSerTfrfda6Ys1njsAfWB/fN5yYMg==</latexit>

P (n) = n2 + �(n+ 1)

Q(n) = n+ 1

<latexit sha1_base64="z6IGH2+krZaJyIFxAhJ5AC0uyEU=">AAACEnicbVBNS8NAEN3Ur1q/qh69LBahRShJEe1FKHjxWMGq0MSy2Ux06e4m7G6EEvobvPhXvHhQxKsnb/4bt20Ofj0YeLw3w8y8MOVMG9f9dEpz8wuLS+Xlysrq2vpGdXPrQieZotCjCU/UVUg0cCahZ5jhcJUqICLkcBkOTyb+5R0ozRJ5bkYpBILcSBYzSoyVBtWGz4TdA9oXWV028DH2Y0VoLq9b41zue2O8j/0IuCGDas1tulPgv8QrSA0V6A6qH36U0EyANJQTrfuem5ogJ8owymFc8TMNKaFDcgN9SyURoIN8+tIY71klwnGibEmDp+r3iZwIrUcitJ2CmFv925uI/3n9zMTtIGcyzQxIOlsUZxybBE/ywRFTQA0fWUKoYvZWTG+JjcTYFCs2BO/3y3/JRavpHTa9s4Nap13EUUY7aBfVkYeOUAedoi7qIYru0SN6Ri/Og/PkvDpvs9aSU8xsox9w3r8AQv2ciw==</latexit>

=) µ(n) =
n2

n+ 1
+ �

<latexit sha1_base64="bx9Zsd4azGruujaTDJEurZynhsY="></latexit>

A1(t) =
1

2⇡i

I

s=1

ds

s
A(s, t) = 1

<latexit sha1_base64="71Sk6Y4hr3YGgUWDunJ90uh/wD8="></latexit>

A(s, t) = 1 +
1X

n=0

R(n, t)

µ(n)� s

<latexit sha1_base64="qe7QsZyGV2Cv3VDojtvUY/J2iDo=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiPYiFLx4rGA/oF2WbDptQ5PskmTFuvSXePGgiFd/ijf/jWm7B219MPB4b4aZeVHCmTae9+0U1tY3NreK26Wd3b39sntw2NJxqig0acxj1YmIBs4kNA0zHDqJAiIiDu1ofDPz2w+gNIvlvZkkEAgylGzAKDFWCt2yCLOeEhgezRRfYy90K17VmwOvEj8nFZSjEbpfvX5MUwHSUE607vpeYoKMKMMoh2mpl2pICB2TIXQtlUSADrL54VN8apU+HsTKljR4rv6eyIjQeiIi2ymIGellbyb+53VTM6gFGZNJakDSxaJByrGJ8SwF3GcKqOETSwhVzN6K6YgoQo3NqmRD8JdfXiWt86p/WfXvLir1Wh5HER2jE3SGfHSF6ugWNVATUZSiZ/SK3pwn58V5dz4WrQUnnzlCf+B8/gCVS5Ja</latexit>

mext = 0



<latexit sha1_base64="eOao4Oler4k7FOLYx/cntmwbZn4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6om0Gpz3yxW/5s+BVkmQkwrkaPTLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC5qwVUtuL+s1P08jiKcwClUIYBrqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AJH8jmo=</latexit>

µ(1)
<latexit sha1_base64="eOao4Oler4k7FOLYx/cntmwbZn4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6om0Gpz3yxW/5s+BVkmQkwrkaPTLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC5qwVUtuL+s1P08jiKcwClUIYBrqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AJH8jmo=</latexit>

µ(1)

<latexit sha1_base64="0f78f08EIPLBGTAcgH0Xp1fT9a8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGUY8BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk5q9URaqV30S2W/6s+BVkmQkzLkaPRLX72BIqmg0hKOjekGfmLDDGvLCKfTYi81NMFkjIe066jEgpowm187RedOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCiCyFYfnmVtGrV4Koa3F+W634eRwFO4QwqEMA11OEOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AJOBjms=</latexit>

µ(2)
<latexit sha1_base64="0f78f08EIPLBGTAcgH0Xp1fT9a8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGUY8BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk5q9URaqV30S2W/6s+BVkmQkzLkaPRLX72BIqmg0hKOjekGfmLDDGvLCKfTYi81NMFkjIe066jEgpowm187RedOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCiCyFYfnmVtGrV4Koa3F+W634eRwFO4QwqEMA11OEOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AJOBjms=</latexit>

µ(2)

<latexit sha1_base64="TwMQJ1pwuZJq+zxgh8s4YwTGqZA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6om06p/3yxW/5s+BVkmQkwrkaPTLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC5qwVUtuL+s1P08jiKcwClUIYBrqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AJB3jmk=</latexit>

µ(0)
<latexit sha1_base64="TwMQJ1pwuZJq+zxgh8s4YwTGqZA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6om06p/3yxW/5s+BVkmQkwrkaPTLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18E2ZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC5qwVUtuL+s1P08jiKcwClUIYBrqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AJB3jmk=</latexit>

µ(0)
<latexit sha1_base64="qh2eEc7IU/MqzHN2fOPGVFg1vcg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVZ9a6q3n2tUnfzOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+BwjOA=</latexit>

�1
<latexit sha1_base64="Rgkuo2hW1VfLcPTx037NJu9739M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSatW9a6q3v1lpe7mcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+H0jOE=</latexit>

�2
<latexit sha1_base64="JFuyBnEVnpiX0xURfhdaC//qAbo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2cXvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPEzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfO86l1VvfvLSs3N4yjCERzDKXhwDTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+N4jOI=</latexit>

�3
<latexit sha1_base64="d1hkjM8DESnFPSZU/mkmKhx3ZtQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6l1Vvftape7mcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+T8jOM=</latexit>

�4
<latexit sha1_base64="RhCryxby21gtslKwAmJAMPpv3Sw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2eXvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPEzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfO86l1VvfuLSs3N4yjCERzDKXhwDTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+aAjOQ=</latexit>

�5

<latexit sha1_base64="d1hkjM8DESnFPSZU/mkmKhx3ZtQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6l1Vvftape7mcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+T8jOM=</latexit>

�4
<latexit sha1_base64="RhCryxby21gtslKwAmJAMPpv3Sw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2eXvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPEzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfO86l1VvfuLSs3N4yjCERzDKXhwDTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+aAjOQ=</latexit>

�5
<latexit sha1_base64="7Q+Nj6BbJWZqFM+BVCQ4lEwWHHk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6tWq3v1Vpe7mcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+gEjOU=</latexit>

�6
<latexit sha1_base64="RBGbCHAFo3nPdnt9LOXXQ+8GnaU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURsR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6l1XvfurSt3N4yjCCZzCOXhQgzrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+mIjOY=</latexit>

�7
<latexit sha1_base64="bvYMYouYbCdSFIDi9rbPyUaNvu8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9a6r3v1Vpe7mcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+sMjOc=</latexit>

�8

• General           model:


• Parameter space satisfying dual resonance and partial wave unitarity:

Simplest nonlinear model

<latexit sha1_base64="YW6Yzd+maplRtxp63PcOiFbYnFY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7UUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHkY31X6p7FbcOcgq8XJShhyNfumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n81Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJqz5GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7QheMsvr5JWteJdVbz7y3K9lsdRgFM4gwvw4BrqcAcNaAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/AEY1r</latexit>

h = 2

<latexit sha1_base64="1/aziHV4vSq+EdBeLUysgnTJ/fk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJIi2otQ8OKxgv2ANobNdtMu3U3C7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdDX12/dMaR5HtzBOmCfJIOIhpwSM5Nsl6Wc9JTF7hMldFV9ix7fLTsWZAS8TNydllKPh21+9fkxTySKggmjddZ0EvIwo4FSwSbGXapYQOiID1jU0IpJpL5udPsEnRunjMFamIsAz9fdERqTWYxmYTklgqBe9qfif100hrHkZj5IUWETni8JUYIjxNAfc54pREGNDCFXc3IrpkChCwaRVNCG4iy8vk1a14p5X3Juzcr2Wx1FAR+gYnSIXXaA6ukYN1EQUPaBn9IrerCfrxXq3PuatK1Y+c4j+wPr8AcVYkv4=</latexit>

m2
ext = 0

<latexit sha1_base64="Q3lSs1v19Ty6FNVHiucsokUxpCE=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwYkmKaC9CwYvHCvYD2hg220m7dDcJuxtpCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFtr6xubW9uFneLu3v7BoX1Uaqk4lRSaNOax7AREAWcRNDXTHDqJBCICDu1gdDvz208gFYujBz1JwBNkELGQUaKN5Nsl4Wc9KTCM9fSxim/whevbZafizIFXiZuTMsrR8O2vXj+mqYBIU06U6rpOor2MSM0oh2mxlypICB2RAXQNjYgA5WXz26f4zCh9HMbSVKTxXP09kRGh1EQEplMQPVTL3kz8z+umOqx5GYuSVENEF4vClGMd41kQuM8kUM0nhhAqmbkV0yGRhGoTV9GE4C6/vEpa1Yp7VXHvL8v1Wh5HAZ2gU3SOXHSN6ugONVATUTRGz+gVvVlT68V6tz4WrWtWPnOM/sD6/AE17JM2</latexit>

m2
ext = �1

<latexit sha1_base64="QWCtfVFDl1+MQRRpL6RgcJ/Bz+E=">AAACD3icbVDLSgMxFM34rPU16tJNsCiVQpkpot0IBTcuK9gHdMYhk2ba0CQzJhmhDP0DN/6KGxeKuHXrzr8xfSy09cDlHs65l+SeMGFUacf5tpaWV1bX1nMb+c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uBr7rQciFY3FrR4mxOeoJ2hEMdJGCuwTj6dFcQovoRdJhDNxV4ElmAQuFKUkqIwyUbo3LbALTtmZAC4Sd0YKYIZ6YH953RinnAiNGVKq4zqJ9jMkNcWMjPJeqkiC8AD1SMdQgThRfja5ZwSPjdKFUSxNCQ0n6u+NDHGlhjw0kxzpvpr3xuJ/XifVUdXPqEhSTQSePhSlDOoYjsOBXSoJ1mxoCMKSmr9C3EcmF20izJsQ3PmTF0mzUnbPy+7NWaFWncWRA4fgCBSBCy5ADVyDOmgADB7BM3gFb9aT9WK9Wx/T0SVrtnMA/sD6/AFBJJpD</latexit>

µ(n) =
n2 + p1n+ p2

n+ q2



• Expand in series around the asymptotic spectrum:


• Fixing                 and                        , unitarity and dual resonance require                    

                            in the           case.


• For            :                                                                :


<latexit sha1_base64="PiR1wQV1+ZfOJGnpNkPbakz7Lig=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtH4dua3npg2PJEPdqJYGONQ8gGnaJ3U7o5RKexVe6WyX/HnIKskyEkZctR7pa9uP6FpzKSlAo3pBL6yYYbacirYtNhNDVNIxzhkHUclxsyE2fzeKTl3Sp8MEu1KWjJXf09kGBsziSPXGaMdmWVvJv7ndVI7uAkzLlVqmaSLRYNUEJuQ2fOkzzWjVkwcQaq5u5XQEWqk1kVUdCEEyy+vkma1ElxVgvvLcs3P4yjAKZzBBQRwDTW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP72cj7g=</latexit>2

<latexit sha1_base64="zZUKhl/EEv4hvAFCPhat/74FIqo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHs4ueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieONnQiUpcsXmi8JUEozJ9G3SF5ozlGNLKNPC3krYkGrK0IZTsiF4iy8vk+Z51buqeveXlZqbx1GEIziGU/DgGmpwB3VoAIMQnuEV3pyR8+K8Ox/z1oKTzxzCHzifP+BujOA=</latexit>

+3
<latexit sha1_base64="XidlyTw9qJLgRee8iCiVmju82j4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdaeMqA==</latexit>

0
<latexit sha1_base64="JFuyBnEVnpiX0xURfhdaC//qAbo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2cXvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPEzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfO86l1VvfvLSs3N4yjCERzDKXhwDTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+N4jOI=</latexit>

�3
<latexit sha1_base64="7Q+Nj6BbJWZqFM+BVCQ4lEwWHHk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw0WtX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6tWq3v1Vpe7mcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+gEjOU=</latexit>

�6
<latexit sha1_base64="n+VXw1ekh2M5KBNy1KfIcK9nTe8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAr4uMW8OIxinlAsoTZyWwyZHZ2mekVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9HB20ytX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26YScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpm+TvtCcoRxbQpkW9lbChlRThjackg3BW3x5mTTPq95l1bu/qNTcPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHskIzo</latexit>

�9
<latexit sha1_base64="QN8g099DI1PpLUSuiyFhF1Gz0FU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKqVb2rqnd/Wam7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFRi40c</latexit>

�12

<latexit sha1_base64="5ydfOKmqOwP9PYlFHrFg8IYnTbE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJfROZpMhs7PjzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZppyho0FaluR2iY4JI1LLeCtZVmmESCtaLR7cxvPTFteCof7FixMMGB5DGnaJ3U7o5QKewFvXLFr/pzkFUS5KQCOeq98le3n9IsYdJSgcZ0Al/ZcILacirYtNTNDFNIRzhgHUclJsyEk/m9U3LmlD6JU+1KWjJXf09MMDFmnESuM0E7NMveTPzP62Q2vgknXKrMMkkXi+JMEJuS2fOkzzWjVowdQaq5u5XQIWqk1kVUciEEyy+vkuZFNbiqBveXlZqfx1GEEziFcwjgGmpwB3VoAAUBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7wYj7c=</latexit>1

<latexit sha1_base64="gzoLzFwB7CmqGEjVE7JhDZr4CYc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJRERD0WvHisYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfju5nffkKleSIfzSTFIKZDySPOqLGS35NZ/6Jfrbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ67LuXde9h6tawy3iKMMJnMI5eHADDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBd9OOaA==</latexit>⌫⇤
<latexit sha1_base64="gzoLzFwB7CmqGEjVE7JhDZr4CYc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJRERD0WvHisYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfju5nffkKleSIfzSTFIKZDySPOqLGS35NZ/6Jfrbl1dw6ySryC1KBAs1/96g0SlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+P3ZKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj86nYELzll1dJ67LuXde9h6tawy3iKMMJnMI5eHADDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBd9OOaA==</latexit>⌫⇤

<latexit sha1_base64="5ydfOKmqOwP9PYlFHrFg8IYnTbE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJfROZpMhs7PjzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZppyho0FaluR2iY4JI1LLeCtZVmmESCtaLR7cxvPTFteCof7FixMMGB5DGnaJ3U7o5QKewFvXLFr/pzkFUS5KQCOeq98le3n9IsYdJSgcZ0Al/ZcILacirYtNTNDFNIRzhgHUclJsyEk/m9U3LmlD6JU+1KWjJXf09MMDFmnESuM0E7NMveTPzP62Q2vgknXKrMMkkXi+JMEJuS2fOkzzWjVowdQaq5u5XQIWqk1kVUciEEyy+vkuZFNbiqBveXlZqfx1GEEziFcwjgGmpwB3VoAAUBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7wYj7c=</latexit>1

<latexit sha1_base64="w1CUx37mLSpX+uUiCHokFX/Freg="></latexit>

µ(n) = (n� ⌫⇤) + 1 +
2

n� ⌫⇤
+ · · ·+ h

(n� ⌫⇤)h�1

<latexit sha1_base64="Hs+lzhKQYfXY12WwEHe5T0BKhbA=">AAAB/nicbZDLSgMxFIYzXmu9jYorN8EiuCglEdFuhIIblxXsBdphyKSZNjSTGZKMUIaCr+LGhSJufQ53vo2Zdhba+kPg4z/ncE7+IBFcG4S+nZXVtfWNzdJWeXtnd2/fPThs6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3+b1ziNTmsfywUwS5kVkKHnIKTHW8t1j4meoiqbwBlrCVZwT8t0KqqGZ4DLgAiqgUNN3v/qDmKYRk4YKonUPo8R4GVGGU8Gm5X6qWULomAxZz6IkEdNeNjt/Cs+sM4BhrOyTBs7c3xMZibSeRIHtjIgZ6cVabv5X66UmrHsZl0lqmKTzRWEqoIlhngUccMWoERMLhCpub4V0RBShxiZWtiHgxS8vQ/uihq9q+P6y0qgXcZTACTgF5wCDa9AAd6AJWoCCDDyDV/DmPDkvzrvzMW9dcYqZI/BHzucPboKTLQ==</latexit>

a0,0 = a1,1 = 0
<latexit sha1_base64="dIelpE9Qaob3zNc+AVcxASxOQ2o=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCioakiNZdwY3LCvYBSQiT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmodYDFw7n3Mu994Qpo1LZ9pdRWlhcWl4pr1bW1jc2t8ztnbZMMoFJCycsEd0QScIoJy1FFSPdVBAUh4x0wuH1xO/cEyFpwu/UKCV+jPqcRhQjpaXA3PN4FpxAj3LonjlWrXZ1ah8HZtW27CngPHEKUgUFmoH56fUSnMWEK8yQlK5jp8rPkVAUMzKueJkkKcJD1CeuphzFRPr59PoxPNRKD0aJ0MUVnKo/J3IUSzmKQ90ZIzWQf72J+J/nZiqq+znlaaYIx7NFUcagSuAkCtijgmDFRpogLKi+FeIBEggrHVhFh+D8fXmetGuWc2E5t+fVRr2Iowz2wQE4Ag64BA1wA5qgBTB4AE/gBbwaj8az8Wa8z1pLRjGzC37B+PgGm56Ssw==</latexit>

⌫⇤ 2 [�1.229, 0)

Post-Regge expansion

<latexit sha1_base64="1/aziHV4vSq+EdBeLUysgnTJ/fk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJIi2otQ8OKxgv2ANobNdtMu3U3C7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDlo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdDX12/dMaR5HtzBOmCfJIOIhpwSM5Nsl6Wc9JTF7hMldFV9ix7fLTsWZAS8TNydllKPh21+9fkxTySKggmjddZ0EvIwo4FSwSbGXapYQOiID1jU0IpJpL5udPsEnRunjMFamIsAz9fdERqTWYxmYTklgqBe9qfif100hrHkZj5IUWETni8JUYIjxNAfc54pREGNDCFXc3IrpkChCwaRVNCG4iy8vk1a14p5X3Juzcr2Wx1FAR+gYnSIXXaA6ukYN1EQUPaBn9IrerCfrxXq3PuatK1Y+c4j+wPr8AcVYkv4=</latexit>

m2
ext = 0

<latexit sha1_base64="YW6Yzd+maplRtxp63PcOiFbYnFY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7UUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHkY31X6p7FbcOcgq8XJShhyNfumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n81Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJqz5GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7QheMsvr5JWteJdVbz7y3K9lsdRgFM4gwvw4BrqcAcNaAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/AEY1r</latexit>

h = 2

<latexit sha1_base64="qqP+9WYv8813gg8K9cyOCQ2uu7E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89iMqzWP5YCYJ+hEdSh5yRo2V7kfX5/1yxa26c5C/xMtJBXI0+uXP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmrDmZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2//Je0zqreZdW7u6jUa3kcRTiCYzgFD66gDrfQgCYwGMITvMCrI5xn5815X7QWnHzmEH7B+fgGwZWNbA==</latexit>

h = 3
<latexit sha1_base64="Re0aOZFToks8vTNEEcc0u4Py+K4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPYxuLvvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmrDmZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpaF1XvqurdX1bqtTyOIpzAKZyDB9dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AwxmNbQ==</latexit>

h = 4



• Expand in series around the asymptotic spectrum:


• Fixing                         and                              for                        , the parameter 
space becomes:


<latexit sha1_base64="Hs+lzhKQYfXY12WwEHe5T0BKhbA=">AAAB/nicbZDLSgMxFIYzXmu9jYorN8EiuCglEdFuhIIblxXsBdphyKSZNjSTGZKMUIaCr+LGhSJufQ53vo2Zdhba+kPg4z/ncE7+IBFcG4S+nZXVtfWNzdJWeXtnd2/fPThs6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3+b1ziNTmsfywUwS5kVkKHnIKTHW8t1j4meoiqbwBlrCVZwT8t0KqqGZ4DLgAiqgUNN3v/qDmKYRk4YKonUPo8R4GVGGU8Gm5X6qWULomAxZz6IkEdNeNjt/Cs+sM4BhrOyTBs7c3xMZibSeRIHtjIgZ6cVabv5X66UmrHsZl0lqmKTzRWEqoIlhngUccMWoERMLhCpub4V0RBShxiZWtiHgxS8vQ/uihq9q+P6y0qgXcZTACTgF5wCDa9AAd6AJWoCCDDyDV/DmPDkvzrvzMW9dcYqZI/BHzucPboKTLQ==</latexit>

a0,0 = a1,1 = 0

Post-Regge expansion

<latexit sha1_base64="IHYmIj46srpNeHrZk05AHfz0Gdw=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQIpQZEe1GKLhxWcE+oDOUTCbThiaZIckIZejCjb/ixoUibv0Id/6NmbYLbT0QOJxzDzf3BAmjSjvOt1VYW9/Y3Cpul3Z29/YP7MOjjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Cb3uw9EKhqLez1JiM/RUNCIYqSNNLDLHk+rogavocdMKkRQwDOYi05tYFecujMDXCXuglTAAq2B/eWFMU45ERozpFTfdRLtZ0hqihmZlrxUkQThMRqSvqECcaL8bHbEFJ4aJYRRLM0TGs7U34kMcaUmPDCTHOmRWvZy8T+vn+qo4WdUJKkmAs8XRSmDOoZ5IzCkkmDNJoYgLKn5K8QjJBHWpreSKcFdPnmVdM7r7mXdvbuoNBuLOoqgDE5AFbjgCjTBLWiBNsDgETyDV/BmPVkv1rv1MR8tWIvMMfgD6/MH3buVpA==</latexit>

µ(n) = �n+ µ(0)
<latexit sha1_base64="DqUTFW0uBRneQsEie0R3s9nndIQ=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIXgy7IppjwIvHCOYByRJmJ73JkNnZdWZWiCFf4sWDIl79FG/+jZPHQRMLuimqupmeClPBtfG8bye3tr6xuZXfLuzs7u0X3YPDhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHN1O/+YhK80Tem1GKQUz7kkecUWOlrlv0OgIfiJz1wbnfdUte2ZuBrBJ/QUqwQK3rfnV6CctilIYJqnXb91ITjKkynAmcFDqZxpSyIe1j21JJY9TBeHb4hJxapUeiRNmShszU3xtjGms9ikM7GVMz0MveVPzPa2cmqgRjLtPMoGTzh6JMEJOQaQqkxxUyI0aWUKa4vZWwAVWUGZtVwYbgL395lTQuyv5V2b+7LFUrizjycAwncAY+XEMVbqEGdWCQwTO8wpvz5Lw4787HfDTnLHaO4A+czx80G5Id</latexit>

0  n  h� 1

<latexit sha1_base64="+BkRneV/nN8xo/yBpcOKe16RY0Y=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV1ilCOJF4+YyCOBlcwODUyY2V1neolkw3d48aAxXv0Yb/6NA+xBwUo6qVR1p7sriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRHOo8kpFuBcyAFCHUUaCEVqyBqUBCMxjdzPzmGLQRUXiPkxh8xQah6AvO0Eq+6qYdrSg84fSh3C0U3ZI7B10lXkaKJEOtW/jq9CKeKAiRS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFsaMgXGT+dHT+m5VXq0H2lbIdK5+nsiZcqYiQpsp2I4NMveTPzPayfYr/ipCOMEIeSLRf1EUozoLAHaExo4yokljGthb6V8yDTjaHPK2xC85ZdXSaNc8q5K3t1lsVrJ4siRU3JGLohHrkmV3JIaqRNOHskzeSVvzth5cd6dj0XrmpPNnJA/cD5/AJ4dkfg=</latexit>

m2
ext

<latexit sha1_base64="vqloy4Ho9B7lVQkYP3VWD0+twhs=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6BmgkvWNtwI1ksVwzgQrBtM7uZ+94kpzRP5aKYp82McSR5xisZK3YGw0RCH1Zpbdxcg68QrSA0KtIbVr0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmGVkESJsk8aslB/T+QYaz2NA5uM0Yz1qjcX//P6mYkafs5lmhkm6fKjKBPEJGR+Owm5YtSIqSVIFbe7EjpGhdTYhiq2BG/15HXSuap7N3Xv4brWbBR1lOEMzuESPLiFJtxDC9pAYQLP8ApvTuq8OO/OxzJacoqZU/gD5/MHO7uPeQ==</latexit>

�

forbidden:

spinning tachyons

<latexit sha1_base64="DMBteMlN0an+XY6K0Og7tGQl9pE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI1r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AexeMsg==</latexit>

2
<latexit sha1_base64="DSpTIj3MkvCJXi1JIrR7RHrZiCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqXPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTcVrXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfJuMsw==</latexit>

3
<latexit sha1_base64="pk9OOOSpCaXnZWC2shtQDFh5mDg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR22PBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua/5tza82G0UYZTiHC7gCH+rQhHtoQRsYILzAG7w7T86r87FqLDnFxBn8gfP5AxPFi4o=</latexit>

4
<latexit sha1_base64="HJyE5elzkrJ404AX67yimh+CuZA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipcd0vld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRVP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx4NxWvcVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHf6OMtQ==</latexit>

5
<latexit sha1_base64="6OlhuyA4oMkL5h5Tofs1mWEM3bA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20ryteteI1b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AgSeMtg==</latexit>

6

<latexit sha1_base64="TJ6hNqo2NByq5eWgUY/e9+Gr7Bw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBzO+M6A==</latexit>

h

<latexit sha1_base64="w1CUx37mLSpX+uUiCHokFX/Freg="></latexit>

µ(n) = (n� ⌫⇤) + 1 +
2

n� ⌫⇤
+ · · ·+ h

(n� ⌫⇤)h�1



Higher-point generalization

• There is a natural generalization of our construction to the scattering of an 
arbitrary number of particles.


• Write the planar basis of Mandelstam invariants as    

    (e.g., four-point basis is                            )


<latexit sha1_base64="jIuPhXmF2sBiJJPSqpwM08NPS7M=">AAACBHicbZBNS8MwGMfT+TbnW9XjLsEheJDRTtFdhIEXvU1wL7CWkmbpFpamJUmFUXrw4lfx4kERr34Ib34b060H3Xwg5Mf//zwkz9+PGZXKsr6N0srq2vpGebOytb2zu2fuH3RllAhMOjhikej7SBJGOekoqhjpx4Kg0Gek50+uc7/3QISkEb9X05i4IRpxGlCMlJY8s+qk0rt1MngFc0rtRnaqr8ZZ5mSeWbPq1qzgMtgF1EBRbc/8coYRTkLCFWZIyoFtxcpNkVAUM5JVnESSGOEJGpGBRo5CIt10tkQGj7UyhEEk9OEKztTfEykKpZyGvu4MkRrLRS8X//MGiQqabkp5nCjC8fyhIGFQRTBPBA6pIFixqQaEBdV/hXiMBMJK51bRIdiLKy9Dt1G3L+r23Xmt1SziKIMqOAInwAaXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PeWvJKGYOwZ8yPn8ATHqXNQ==</latexit>

{sI} = {s12, s23}

<latexit sha1_base64="zua2+3lHLb0nm/OdIjNNCWn7jdk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF71VsB/QhLLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHrT4YeLw3w8y8MJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtObuZ+95FrIxL1gNOUBzEdKREJRtFKXT83gzt/NqjW3Lq7APlLvILUoEBrUP30hwnLYq6QSWpM33NTDHKqUTDJZxU/MzylbEJHvG+pojE3Qb44d0bOrDIkUaJtKSQL9edETmNjpnFoO2OKY7PqzcX/vH6GUSPIhUoz5IotF0WZJJiQ+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwVl/+SzoXde+q7t1f1pqNIo4ynMApnIMH19CEW2hBGxhM4Ale4NVJnWfnzXlftpacYuYYfsH5+AZRIo+H</latexit>

{sI}



Higher-point generalization

• There is a natural generalization of our construction to the scattering of an 
arbitrary number of particles.


• Write the planar basis of Mandelstam invariants as    

    (e.g., four-point basis is                            )


• Take the higher-point string amplitude                and remap each planar invariant:


<latexit sha1_base64="jIuPhXmF2sBiJJPSqpwM08NPS7M=">AAACBHicbZBNS8MwGMfT+TbnW9XjLsEheJDRTtFdhIEXvU1wL7CWkmbpFpamJUmFUXrw4lfx4kERr34Ib34b060H3Xwg5Mf//zwkz9+PGZXKsr6N0srq2vpGebOytb2zu2fuH3RllAhMOjhikej7SBJGOekoqhjpx4Kg0Gek50+uc7/3QISkEb9X05i4IRpxGlCMlJY8s+qk0rt1MngFc0rtRnaqr8ZZ5mSeWbPq1qzgMtgF1EBRbc/8coYRTkLCFWZIyoFtxcpNkVAUM5JVnESSGOEJGpGBRo5CIt10tkQGj7UyhEEk9OEKztTfEykKpZyGvu4MkRrLRS8X//MGiQqabkp5nCjC8fyhIGFQRTBPBA6pIFixqQaEBdV/hXiMBMJK51bRIdiLKy9Dt1G3L+r23Xmt1SziKIMqOAInwAaXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PeWvJKGYOwZ8yPn8ATHqXNQ==</latexit>

{sI} = {s12, s23}

<latexit sha1_base64="zua2+3lHLb0nm/OdIjNNCWn7jdk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF71VsB/QhLLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHrT4YeLw3w8y8MJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtObuZ+95FrIxL1gNOUBzEdKREJRtFKXT83gzt/NqjW3Lq7APlLvILUoEBrUP30hwnLYq6QSWpM33NTDHKqUTDJZxU/MzylbEJHvG+pojE3Qb44d0bOrDIkUaJtKSQL9edETmNjpnFoO2OKY7PqzcX/vH6GUSPIhUoz5IotF0WZJJiQ+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwVl/+SzoXde+q7t1f1pqNIo4ynMApnIMH19CEW2hBGxhM4Ale4NVJnWfnzXlftpacYuYYfsH5+AZRIo+H</latexit>

{sI}

<latexit sha1_base64="Cys7v6cFDlM9tzRr5/+yrmtAPAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj1WvOitgmkLTQib7aZdutmE3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6acKW3b31ZpbX1jc6u8XdnZ3ds/qB4edVSSSUJdkvBE9kKsKGeCupppTnuppDgOOe2G49uZ332iUrFEPOpJSv0YDwWLGMHaSN5N0Kl7uQruvel5UK3ZDXsOtEqcgtSgQDuofnmDhGQxFZpwrFTfsVPt51hqRjidVrxM0RSTMR7SvqECx1T5+fzmKTozygBFiTQlNJqrvydyHCs1iUPTGWM9UsveTPzP62c6avo5E2mmqSCLRVHGkU7QLAA0YJISzSeGYCKZuRWREZaYaBNTxYTgLL+8SjoXDeeq4Txc1lrNIo4ynMAp1MGBa2jBHbTBBQIpPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifPwdBkQA=</latexit>

AV ({sI})
<latexit sha1_base64="i9ZnhXar1r6FlmJhoo/3QYHMCZA="></latexit>

A({sI}) =
 
Y

I

X

↵I

!
AV ({⌫↵I (sI)})

=

 
Y

I

I
dlog f(sI ,�I)

2⇡i

!
AV ({⌫↵I (�I)})



• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1



• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


• Defining the special function                                  , this generalizes 
straightforwardly to higher-point scattering:


• Write                          in planar basis

• Take Koba-Nielsen integral form of the higher-point amplitude and 

send


Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1

<latexit sha1_base64="+TFPZ7kl4/atRTokU/wLc1Yd+fA="></latexit>

⇢(x, s) =
P

↵ x�⌫↵(s)

<latexit sha1_base64="eMHteaZG6LHKBRPlLpkNtoM1k1o=">AAACBHicbVDLSsNAFJ3UV62vqMsiDBbBVUlcaDdCwUXbXQX7gDaEyXTSjp1JwsxEKCELN/6Kmy4UcevOH3Dn3zhpu9DWAxfOnHMvc+/xIkalsqxvI7e2vrG5ld8u7Ozu7R+Yh0dtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjjm8zvPBAhaRjcqUlEHI6GAfUpRkpLrlmUbkLvU3gN+zLmbgPi7N1IoXQbrlmyytYMcJXYC1KqntQ+p7VivemaX/1BiGNOAoUZkrJnW5FyEiQUxYykhX4sSYTwGA1JT9MAcSKdZHZECs+0MoB+KHQFCs7U3xMJ4lJOuKc7OVIjuexl4n9eL1Z+xUloEMWKBHj+kR8zqEKYJQIHVBCs2EQThAXVu0I8QgJhpXMr6BDs5ZNXSfuibF+W7Vu7VK2AOfKgCE7BObDBFaiCOmiCFsDgETyDF/BqPBlT4814n7fmjMXMMfgD4+MHONqaFQ==</latexit>

sij =
P

I cijIsI
<latexit sha1_base64="349Y/+gd5MR5BYSjtSuZC0rsDsQ="></latexit>Q

i<j(xi � xj)�sij �!
Q

I ⇢
⇣Q

i<j(xi � xj)cijI , sI
⌘



• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


• Defining the special function                                  , this generalizes 
straightforwardly to higher-point scattering:


• Write                          in planar basis

• Take Koba-Nielsen integral form of the higher-point amplitude and 

send


• For example, five-point string amplitude:


Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1

<latexit sha1_base64="+TFPZ7kl4/atRTokU/wLc1Yd+fA="></latexit>

⇢(x, s) =
P

↵ x�⌫↵(s)

<latexit sha1_base64="eMHteaZG6LHKBRPlLpkNtoM1k1o=">AAACBHicbVDLSsNAFJ3UV62vqMsiDBbBVUlcaDdCwUXbXQX7gDaEyXTSjp1JwsxEKCELN/6Kmy4UcevOH3Dn3zhpu9DWAxfOnHMvc+/xIkalsqxvI7e2vrG5ld8u7Ozu7R+Yh0dtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjjm8zvPBAhaRjcqUlEHI6GAfUpRkpLrlmUbkLvU3gN+zLmbgPi7N1IoXQbrlmyytYMcJXYC1KqntQ+p7VivemaX/1BiGNOAoUZkrJnW5FyEiQUxYykhX4sSYTwGA1JT9MAcSKdZHZECs+0MoB+KHQFCs7U3xMJ4lJOuKc7OVIjuexl4n9eL1Z+xUloEMWKBHj+kR8zqEKYJQIHVBCs2EQThAXVu0I8QgJhpXMr6BDs5ZNXSfuibF+W7Vu7VK2AOfKgCE7BObDBFaiCOmiCFsDgETyDF/BqPBlT4814n7fmjMXMMfgD4+MHONqaFQ==</latexit>

sij =
P

I cijIsI
<latexit sha1_base64="349Y/+gd5MR5BYSjtSuZC0rsDsQ="></latexit>Q

i<j(xi � xj)�sij �!
Q

I ⇢
⇣Q

i<j(xi � xj)cijI , sI
⌘

<latexit sha1_base64="tV6OaW3D9uTG/RK8J7XiinvzrQI="></latexit>

AV (s12, s23, s34, s45, s51) =

Z 1

0

Z 1

0
dx dy

x�s12
⇣

1�x
1�xy

⌘�s23
y�s45

⇣
1�y
1�xy

⌘�s34
(1�xy)�s51

x(1� x)y(1� y)



<latexit sha1_base64="Ey97XwgODSQ1fBoUPPLnmIl16OY=">AAACzXicbVJLb9QwEHbCqyyPLnDkYrECZaV0FW+3pRekIi6IC0Vi20rrJXIcZ9dqXrKdKsaEK/+PG3d+CE42lZa2I9nzeWY+z3jGUZlyqYLgj+PeuXvv/oOdh4NHj5883R0+e34qi0pQNqdFWojziEiW8pzNFVcpOy8FI1mUsrPo4kPrP7tkQvIi/6p0yZYZWeU84ZQoawqHf9+892Ro0LTxrZrud2p/1qnZQacOUDOG7yDmuQ pN0HwzqNnGMayxH0MNsY8TQajBYl14tb+5ddyecMoS5W28aK9u2k1fJcSCr9aqi/N0n/YWlt5i2fq2WQj7Zq/Bfq2vym1M7dnosba7HjfhcBRMgk7gTYB6MAK9nITD3zguaJWxXNGUSLlAQamWhgjFacqaAa4kKwm9ICu2sDAnGZNL002jga+tJYZJIezKFeys2wxDMil1FtnIjKi1vO5rjbf5FpVKjpaG52WlWE43iZIqhaqA7WhhzAWjKtUWECq4rRXSNbHtU/YDDGwT0PUn3wSn0wk6nKAvs9HxUd+OHfASvAIeQOAtOAYfwQmYA+p8ckpHO9/dz27l/nB/bkJdp+e8AP+J++sfwsfcJw==</latexit>

A(s12, s23, s34, s45, s51) =

Z 1

0

Z 1

0
dx dy

⇢(x, s12)⇢
⇣

1�x
1�xy , s23

⌘
⇢(y, s45)⇢

⇣
1�y
1�xy , s34

⌘
⇢(1�xy, s51)

x(1� x)y(1� y)

• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


• Defining the special function                                  , this generalizes 
straightforwardly to higher-point scattering:


• Write                          in planar basis

• Take Koba-Nielsen integral form of the higher-point amplitude and 

send


• For example, five-point bespoke amplitude:


Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1

<latexit sha1_base64="+TFPZ7kl4/atRTokU/wLc1Yd+fA="></latexit>

⇢(x, s) =
P

↵ x�⌫↵(s)

<latexit sha1_base64="eMHteaZG6LHKBRPlLpkNtoM1k1o=">AAACBHicbVDLSsNAFJ3UV62vqMsiDBbBVUlcaDdCwUXbXQX7gDaEyXTSjp1JwsxEKCELN/6Kmy4UcevOH3Dn3zhpu9DWAxfOnHMvc+/xIkalsqxvI7e2vrG5ld8u7Ozu7R+Yh0dtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjjm8zvPBAhaRjcqUlEHI6GAfUpRkpLrlmUbkLvU3gN+zLmbgPi7N1IoXQbrlmyytYMcJXYC1KqntQ+p7VivemaX/1BiGNOAoUZkrJnW5FyEiQUxYykhX4sSYTwGA1JT9MAcSKdZHZECs+0MoB+KHQFCs7U3xMJ4lJOuKc7OVIjuexl4n9eL1Z+xUloEMWKBHj+kR8zqEKYJQIHVBCs2EQThAXVu0I8QgJhpXMr6BDs5ZNXSfuibF+W7Vu7VK2AOfKgCE7BObDBFaiCOmiCFsDgETyDF/BqPBlT4814n7fmjMXMMfgD4+MHONqaFQ==</latexit>

sij =
P

I cijIsI
<latexit sha1_base64="349Y/+gd5MR5BYSjtSuZC0rsDsQ="></latexit>Q

i<j(xi � xj)�sij �!
Q

I ⇢
⇣Q

i<j(xi � xj)cijI , sI
⌘



• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


• Defining the special function                                  , this generalizes 
straightforwardly to higher-point scattering:


• Write                          in planar basis

• Take Koba-Nielsen integral form of the higher-point amplitude and     

send


• One can directly check that factorization on the           state holds as for strings:

Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1

<latexit sha1_base64="+TFPZ7kl4/atRTokU/wLc1Yd+fA="></latexit>

⇢(x, s) =
P

↵ x�⌫↵(s)

<latexit sha1_base64="eMHteaZG6LHKBRPlLpkNtoM1k1o=">AAACBHicbVDLSsNAFJ3UV62vqMsiDBbBVUlcaDdCwUXbXQX7gDaEyXTSjp1JwsxEKCELN/6Kmy4UcevOH3Dn3zhpu9DWAxfOnHMvc+/xIkalsqxvI7e2vrG5ld8u7Ozu7R+Yh0dtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjjm8zvPBAhaRjcqUlEHI6GAfUpRkpLrlmUbkLvU3gN+zLmbgPi7N1IoXQbrlmyytYMcJXYC1KqntQ+p7VivemaX/1BiGNOAoUZkrJnW5FyEiQUxYykhX4sSYTwGA1JT9MAcSKdZHZECs+0MoB+KHQFCs7U3xMJ4lJOuKc7OVIjuexl4n9eL1Z+xUloEMWKBHj+kR8zqEKYJQIHVBCs2EQThAXVu0I8QgJhpXMr6BDs5ZNXSfuibF+W7Vu7VK2AOfKgCE7BObDBFaiCOmiCFsDgETyDF/BqPBlT4814n7fmjMXMMfgD4+MHONqaFQ==</latexit>

sij =
P

I cijIsI
<latexit sha1_base64="349Y/+gd5MR5BYSjtSuZC0rsDsQ="></latexit>Q

i<j(xi � xj)�sij �!
Q

I ⇢
⇣Q

i<j(xi � xj)cijI , sI
⌘

<latexit sha1_base64="Pg+KKqEG/AVud+l57PI6/s6IwwQ="></latexit>

lim
s⇤!0

s⇤ AV ({sI}) =
X

L?R

AV ({sIL})AV ({sIR})

<latexit sha1_base64="6BUNgUOhNTyryegETyOdLdfNVIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcgbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/GLY1v</latexit>

n = 0



• Worldsheet integral form of the Veneziano amplitude:


• The structure of the integrand allows the Galois sum to factorize, giving a 
worldsheet integral representation of our bespoke amplitudes:


• Defining the special function                                  , this generalizes 
straightforwardly to higher-point scattering:


• Write                          in planar basis

• Take Koba-Nielsen integral form of the higher-point amplitude and     

send


• One can directly check that factorization on the           state holds as for strings:


Worldsheet representation

<latexit sha1_base64="3VLJe2YDQUZo3d+52bl5hZBWSug="></latexit>

AV (s12, s23) =

Z 1

0
dx x�s12�1(1� x)�s23�1

<latexit sha1_base64="IYY4HLbj3dTpeKPpDdMBntqUXGk="></latexit>

A(s12, s23) =

Z 1

0
dx

X

↵12

x�⌫↵12 (s12)�1
X

↵23

(1� x)�⌫↵23 (s23)�1

<latexit sha1_base64="+TFPZ7kl4/atRTokU/wLc1Yd+fA="></latexit>

⇢(x, s) =
P

↵ x�⌫↵(s)

<latexit sha1_base64="eMHteaZG6LHKBRPlLpkNtoM1k1o=">AAACBHicbVDLSsNAFJ3UV62vqMsiDBbBVUlcaDdCwUXbXQX7gDaEyXTSjp1JwsxEKCELN/6Kmy4UcevOH3Dn3zhpu9DWAxfOnHMvc+/xIkalsqxvI7e2vrG5ld8u7Ozu7R+Yh0dtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjjm8zvPBAhaRjcqUlEHI6GAfUpRkpLrlmUbkLvU3gN+zLmbgPi7N1IoXQbrlmyytYMcJXYC1KqntQ+p7VivemaX/1BiGNOAoUZkrJnW5FyEiQUxYykhX4sSYTwGA1JT9MAcSKdZHZECs+0MoB+KHQFCs7U3xMJ4lJOuKc7OVIjuexl4n9eL1Z+xUloEMWKBHj+kR8zqEKYJQIHVBCs2EQThAXVu0I8QgJhpXMr6BDs5ZNXSfuibF+W7Vu7VK2AOfKgCE7BObDBFaiCOmiCFsDgETyDF/BqPBlT4814n7fmjMXMMfgD4+MHONqaFQ==</latexit>

sij =
P

I cijIsI
<latexit sha1_base64="349Y/+gd5MR5BYSjtSuZC0rsDsQ="></latexit>Q

i<j(xi � xj)�sij �!
Q

I ⇢
⇣Q

i<j(xi � xj)cijI , sI
⌘

<latexit sha1_base64="6BUNgUOhNTyryegETyOdLdfNVIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcgbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/GLY1v</latexit>

n = 0
<latexit sha1_base64="coJu4hvxF2MWJdwnz973jv6KWEs="></latexit>

lim
s⇤!µ(0)

(s⇤ � µ(0))A({sI}) = µ0(0)
X

L?R

h(|L|�1)A({⌫↵IL
(sIL)})h(|R|�1)A({⌫↵IR

(sIR)})



Stringy Dynamics from an 
Amplitudes Bootstrap



• So far, we’ve built a remarkable class of “bespoke dual resonant” amplitudes 
with arbitrary spectra                   by using the Veneziano amplitude as input and 
kinematically transmuting it using our Galois sum.


• But how can one derive the structure of Veneziano from a bootstrap?


• Let’s assume a linear spectrum              and see if the dynamics of string theory 
can be derived using minimal assumptions:


i) Crossing Symmetry 
ii) Polynomial Residues 
iii) High-Energy Boundedness 

Bootstrapping string theory?

<latexit sha1_base64="cQaZslV4F92NVLn9faV3g/LffI8=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLjHIxIfHiERMBE1hIt3Shoe1u2q6GbPgfXjxojFf/izf/jQX2oOBLJnl5byYz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Ug8B1pQzSZuGGU4fYkWxCDhtB+Obmd9+pEqzSN6bSUx9gYeShYxgY6We6MteFV2jrkjK8rxfLLkVdw60SryMlCBDo1/86g4ikggqDeFY647nxsZPsTKMcDotdBNNY0zGeEg7lkosqPbT+dVTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//M6iQlrfspknBgqyWJRmHBkIjSLAA2YosTwiSWYKGZvRWSEFSbGBlWwIXjLL6+SVrXiXVa8u4tSvZbFkYcTOIUyeHAFdbiFBjSBgIJneIU358l5cd6dj0VrzslmjuEPnM8fpDSRRg==</latexit>

m2
n = µ(n)

<latexit sha1_base64="tOTlpsq2FhOGwMVdS+JIMm5j1r8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktor0IBS8eK7htpV1LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1ieW8mCQ0EHkoWMYKNlR5EXz7W0DWS/XLFrbpzoFXi5aQCOZr98ldvEJNUUGkIx1p3PTcxQYaVYYTTaamXappgMsZD2rVUYkF1kM0PnqIzqwxQFCtb0qC5+nsiw0LriQhtp8BmpJe9mfif101NVA8yJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lbRqVe+y6t1dVBr1PI4inMApnIMHV9CAW2iCDwQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH31zj4U=</latexit>

m2
n = n



• As we have shown, dual resonance and a well-defined pole at infinity are 
equivalent, so we start with a dual resonant form of the amplitude, with arbitrary 
residues.


• A priori, this is a two-variable problem:


• Turn into a single-variable problem by choosing special kinematics,


Integer spectrum bootstrap

<latexit sha1_base64="dazYDuKfSX7q05i5hpR2BCoH8RU="></latexit>

A(s, t) =
1X

n=0

Rn(t)

n� s
=

1X

n=0

Rn(s)

n� t
= A(t, s)

<latexit sha1_base64="cKZ1s0s8h5FoYqqk4gyOj6SHSng=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZZERLsRCm5cSQX7gCaUyWTSDplM0pmJUEKXbvwVNy4UcesnuPNvnLRZaPXAhcM593LvPV7CqFSW9WWUFhaXllfKq5W19Y3NLXN7py3jVGDSwjGLRddDkjDKSUtRxUg3EQRFHiMdL7zK/c49EZLG/E6NE+JGaMBpQDFSWuqb+wpeQnkSHjujUYp8GEKHcuhESA09L7uZ9M2qVbOmgH+JXZAqKNDsm5+OH+M0IlxhhqTs2Vai3AwJRTEjk4qTSpIgHKIB6WnKUUSkm00fmcBDrfgwiIUuruBU/TmRoUjKceTpzvxCOe/l4n9eL1VB3c0oT1JFOJ4tClIGVQzzVKBPBcGKjTVBWFB9K8RDJBBWOruKDsGef/kvaZ/W7POafXtWbdSLOMpgDxyAI2CDC9AA16AJWgCDB/AEXsCr8Wg8G2/G+6y1ZBQzu+AXjI9vxRKYiw==</latexit>

t = s� k, k 2 N

Cheung, GR [2302.12263]



• As we have shown, dual resonance and a well-defined pole at infinity are 
equivalent, so we start with a dual resonant form of the amplitude, with arbitrary 
residues.


• A priori, this is a two-variable problem:


• Turn into a single-variable problem by choosing special kinematics,


    Crossing becomes:


Integer spectrum bootstrap

<latexit sha1_base64="dazYDuKfSX7q05i5hpR2BCoH8RU="></latexit>

A(s, t) =
1X

n=0

Rn(t)

n� s
=

1X

n=0

Rn(s)

n� t
= A(t, s)

<latexit sha1_base64="cKZ1s0s8h5FoYqqk4gyOj6SHSng=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZZERLsRCm5cSQX7gCaUyWTSDplM0pmJUEKXbvwVNy4UcesnuPNvnLRZaPXAhcM593LvPV7CqFSW9WWUFhaXllfKq5W19Y3NLXN7py3jVGDSwjGLRddDkjDKSUtRxUg3EQRFHiMdL7zK/c49EZLG/E6NE+JGaMBpQDFSWuqb+wpeQnkSHjujUYp8GEKHcuhESA09L7uZ9M2qVbOmgH+JXZAqKNDsm5+OH+M0IlxhhqTs2Vai3AwJRTEjk4qTSpIgHKIB6WnKUUSkm00fmcBDrfgwiIUuruBU/TmRoUjKceTpzvxCOe/l4n9eL1VB3c0oT1JFOJ4tClIGVQzzVKBPBcGKjTVBWFB9K8RDJBBWOruKDsGef/kvaZ/W7POafXtWbdSLOMpgDxyAI2CDC9AA16AJWgCDB/AEXsCr8Wg8G2/G+6y1ZBQzu+AXjI9vxRKYiw==</latexit>

t = s� k, k 2 N

<latexit sha1_base64="XH7yp296jlPoClO7vWuGrvhrnU8="></latexit>

A(s, s� k) = A(s� k, s) =)
1X

n=0

Rn(s� k)

n� s
=

1X

n=0

Rn(s)

n+ k � s

=)
1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s

Cheung, GR [2302.12263]



 


Integer spectrum bootstrap

<latexit sha1_base64="kEDmlMUtwlXzl+3fpOQOCJoNExc="></latexit>

1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s

finite number of terms, 

no poles at  

<latexit sha1_base64="accJwF664MSd2hvI74ElHV+iKOI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHisYD+kDWWznbRLN5u4uxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKD/padgU+klGvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdvCEnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNW/YzLJDUo2XxRmApiYjL9nvS5QmbE2BLKFLe3EjakijJjMyraELzFl5dJ87ziXVa8u4tyrZrHUYBjOIEz8OAKanALdWgAgwie4RXeHOW8OO/Ox7x1xclnjuAPnM8fXCGQFw==</latexit>

s = n  k

Cheung, GR [2302.12263]



 


• Strictly speaking, neither necessary nor sufficient for crossing. We will 
take the residue constraint above as motivation and see what we find. 
All subsequent examples will indeed satisfy this constraint and 
converge.


Integer spectrum bootstrap

<latexit sha1_base64="kEDmlMUtwlXzl+3fpOQOCJoNExc="></latexit>

1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s

demanding

no poles at

yields

<latexit sha1_base64="accJwF664MSd2hvI74ElHV+iKOI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHisYD+kDWWznbRLN5u4uxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKD/padgU+klGvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdvCEnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNW/YzLJDUo2XxRmApiYjL9nvS5QmbE2BLKFLe3EjakijJjMyraELzFl5dJ87ziXVa8u4tyrZrHUYBjOIEz8OAKanALdWgAgwie4RXeHOW8OO/Ox7x1xclnjuAPnM8fXCGQFw==</latexit>

s = n  k

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n

Cheung, GR [2302.12263]



We have     conditions


on the           free parameters in the residue ansatz:


Integer spectrum bootstrap

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n

<latexit sha1_base64="hAPhIO18vfYDyr6arQi5ZsMxQB0=">AAACD3icbVDLSgMxFM3UV62vqks3waJUkDIjot0UCm5cVrEP6GPIpGkbmmSG5I5Qhv6BG3/FjQtF3Lp159+YPhZaPXDhcM69yb0niAQ34LpfTmppeWV1Lb2e2djc2t7J7u7VTBhryqo0FKFuBMQwwRWrAgfBGpFmRAaC1YPh1cSv3zNteKjuYBSxtiR9xXucErCSnz2+9VUeTnAJt0ws/USW3HFH4ZawT3SJn6hTOYaO9LM5t+BOgf8Sb05yaI6Kn/1sdUMaS6aACmJM03MjaCdEA6eCjTOt2LCI0CHps6alikhm2sn0njE+skoX90JtSwGeqj8nEiKNGcnAdkoCA7PoTcT/vGYMvWI74SqKgSk6+6gXCwwhnoSDu1wzCmJkCaGa210xHRBNKNgIMzYEb/Hkv6R2VvAuCt7Nea5cnMeRRgfoEOWRhy5RGV2jCqoiih7QE3pBr86j8+y8Oe+z1pQzn9lHv+B8fAN0h5us</latexit>

Rn(t) =
nX

m=0

�n,mtm

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="pq/p2AjSlP8PTaxiD4AOxrXYcIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioj0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlB3nh9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq9511bu/qtRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGsV41e</latexit>

n+ 1

Cheung, GR [2302.12263]



We have     conditions


on the           free parameters in the residue ansatz:


Defining                    and for brevity writing                        for          , we find the 
general solution:


Remarkably, we numerically find that choosing       such that the   -channel 
representation of            converges always yields a crossing-symmetric amplitude:

an infinite-parameter family of dual resonant amplitudes with linear spectra.

Integer spectrum bootstrap

<latexit sha1_base64="hAPhIO18vfYDyr6arQi5ZsMxQB0=">AAACD3icbVDLSgMxFM3UV62vqks3waJUkDIjot0UCm5cVrEP6GPIpGkbmmSG5I5Qhv6BG3/FjQtF3Lp159+YPhZaPXDhcM69yb0niAQ34LpfTmppeWV1Lb2e2djc2t7J7u7VTBhryqo0FKFuBMQwwRWrAgfBGpFmRAaC1YPh1cSv3zNteKjuYBSxtiR9xXucErCSnz2+9VUeTnAJt0ws/USW3HFH4ZawT3SJn6hTOYaO9LM5t+BOgf8Sb05yaI6Kn/1sdUMaS6aACmJM03MjaCdEA6eCjTOt2LCI0CHps6alikhm2sn0njE+skoX90JtSwGeqj8nEiKNGcnAdkoCA7PoTcT/vGYMvWI74SqKgSk6+6gXCwwhnoSDu1wzCmJkCaGa210xHRBNKNgIMzYEb/Hkv6R2VvAuCt7Nea5cnMeRRgfoEOWRhy5RGV2jCqoiih7QE3pBr86j8+y8Oe+z1pQzn9lHv+B8fAN0h5us</latexit>

Rn(t) =
nX

m=0

�n,mtm

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="pq/p2AjSlP8PTaxiD4AOxrXYcIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioj0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlB3nh9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq9511bu/qtRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGsV41e</latexit>

n+ 1

<latexit sha1_base64="CMgjbPHimB/cu4TDm4nmHY7f1aI=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWVGRLssuHFZwT6gHYZMJtOGJpkxyRTKMFs3/oobF4q49Q/c+Tem7Sxq64HA4ZxzubknSBhV2nF+rNLa+sbmVnm7srO7t39gHx61VZxKTFo4ZrHsBkgRRgVpaaoZ6SaSIB4w0glGt1O/MyZS0Vg86ElCPI4GgkYUI20k34Z9ZsIh8jOewz55TOl4QbrguW9XnZozA1wlbkGqoEDTt7/7YYxTToTGDCnVc51EexmSmmJG8ko/VSRBeIQGpGeoQJwoL5tdksMzo4QwiqV5QsOZujiRIa7UhAcmyZEeqmVvKv7n9VId1b2MiiTVROD5oihlUMdwWgsMqSRYs4khCEtq/grxEEmEtSmvYkpwl09eJe3Lmntdc++vqo16UUcZnIBTcA5ccAMa4A40QQtg8ARewBt4t56tV+vD+pxHS1Yxcwz+wPr6Bajvmkg=</latexit>

�m ⌘ �m,m

<latexit sha1_base64="s2CYfSi0aRaxopweCDFihFPaKHs="></latexit>

Rn(t) =
nX

m=0

�m

m!

t!

(t�m)!

n!

(n�m)!

<latexit sha1_base64="rHBitNbQceLxNSn/QlPShhU6gck=">AAAB/XicbVDLSgMxFM3UV62v8bFzEy1CRSgzItplwYUuK9gHdIaSSdM2NMmMSaa0DsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGFXacb6tzNLyyupadj23sbm1vWPv7tVUGEtMqjhkoWwESBFGBalqqhlpRJIgHjBSD/rXE78+IFLRUNzrUUR8jrqCdihG2kgt+2B45JGHmA6gd4M4R4XhmXvasvNO0ZkCLhI3JXmQotKyv7x2iGNOhMYMKdV0nUj7CZKaYkbGOS9WJEK4j7qkaahAnCg/mV4/hidGacNOKE0JDafq74kEcaVGPDCdHOmemvcm4n9eM9adkp9QEcWaCDxb1IkZ1CGcRAHbVBKs2cgQhCU1t0LcQxJhbQLLmRDc+ZcXSe286F4W3buLfLmUxpEFh+AYFIALrkAZ3IIKqAIMHsEzeAVv1pP1Yr1bH7PWjJXO7IM/sD5/ALm0lBI=</latexit>

x! ⌘ �(x+ 1)
<latexit sha1_base64="vRBza0SAzLvS0f0qDtZh4jldgso=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi2mWhG5cV7AOaWCbTSTt0MgkzEzWE/ocbF4q49V/c+TdO2iy09cDA4Zx7uWeOH3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVVEiCe2QiEey72NFORO0o5nmtB9LikOf054/beV+74FKxSJxp9OYeiEeCxYwgrWR7p9cJtwQ64nvZ63ZsFqz6/YcaJU4BalBgfaw+uWOIpKEVGjCsVIDx461l2GpGeF0VnETRWNMpnhMB4YKHFLlZfPUM3RmlBEKImme0Giu/t7IcKhUGvpmMk+olr1c/M8bJDpoeBkTcaKpIItDQcKRjlBeARoxSYnmqSGYSGayIjLBEhNtiqqYEpzlL6+S7kXduao7t5e1ZqOoowwncArn4MA1NOEG2tABAhKe4RXerEfrxXq3PhajJavYOYY/sD5/ANP+krI=</latexit>

x 2 C

<latexit sha1_base64="7IPtmvqBE1NTfYIM5XgeNanTITk=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyoyIdllw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpGBHFSqXs2bA68SvyBVKNAcVL76UUIzyZSlghjT873UBjnRllPBpuV+ZlhK6JgMWc9RRSQzQT5feIrPnRLhONHuKYvn6u+JnEhjJjJ0SUnsyCx7M/E/r5fZuB7kXKWZZYouPoozgW2CZ9fjiGtGrZg4QqjmbldMR0QTal1HZVeCv3zyKmlf1vzrmn9/VW3UizpKcApncAE+3EAD7qAJLaAg4Rle4Q1p9ILe0cciuoaKmRP4A/T5A8C1kFk=</latexit>

�m
<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s

<latexit sha1_base64="4MGyBVnLOtO2fBhK2/E5pPGh+J8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuiOYY8eIxgnlAsoTZyWwyZnZ2mekVQsg/ePGgiFf/x5t/4yTZg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rUeujYjVPY4T7kd0oEQoGEUrNa/L5gxPe8WSW3HnIH+Jl5ESZKj3ip/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+7ZScWKVPwljbUkjm6s+JCY2MGUeB7YwoDs2yNxP/8zophlV/IlSSIldssShMJcGYzF4nfaE5Qzm2hDIt7K2EDammDG1ABRuCt/zyX9I8r3iXFe/uolSrZnHk4QiOoQweXEENbqEODWDwAE/wAq9O7Dw7b877ojXnZDOH8AvOxzdqIo5X</latexit>

A(s, t)

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n

Cheung, GR [2302.12263]



<latexit sha1_base64="IPkTT4kei2/43dgq+Bm127kbbkg="></latexit>

A(s, t) =
1X

n=0

1

n� s

✓
t+ n

n

◆

= �1

s

1X

n=0

(�s)n(1 + t)n
(1� s)n

1

n!

= �1

s
2F1


�s, 1 + t
1� s

; 1

�

=
�(�s)�(�t)

�(�s� t)

• Let us choose 


• The Vandermonde identity then implies


• The amplitude is thus:

Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
1

m!
<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
(t+ n)!

t!n!

Veneziano amplitude



• Let us choose


Hypergeometric amplitude
<latexit sha1_base64="PE8aM3cuQej6z5FIFy1b8V7hEks="></latexit>

�m =
r!

(m+ r)!
, r 2 R

<latexit sha1_base64="l/h+oxpIoV+i72dqclaC0ny1QZA=">AAACGnicbZBNSwMxEIaz9avWr6pHL6lF2FIouyLai1Dw4rGKbYW2LNk024Zms0syK5Slv8OLf8WLB0W8iRf/jenHQVsHAs+8M8NkXj8WXIPjfFuZldW19Y3sZm5re2d3L79/0NRRoihr0EhE6t4nmgkuWQM4CHYfK0ZCX7CWP7ya1FsPTGkeyTsYxawbkr7kAacEjOTl3Q4PzR6m8a0nbSjhS9wJFKGpDWVZVqWCKownbMie5mMvX3QqzjTwMrhzKKJ51L38Z6cX0SRkEqggWrddJ4ZuShRwKtg410k0iwkdkj5rG5QkZLqbTk8b4xOj9HAQKfMk4Kn6eyIlodaj0DedIYGBXqxNxP9q7QSCajflMk6ASTpbFCQCQ4QnPuEeV4yCGBkgVHHzV0wHxDgDxs2cMcFdPHkZmqcV97zi3pwVa9W5HVl0hI6RjVx0gWroGtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoT1tcPfwSd+A==</latexit>

=) Rn(t) =
(t+ n+ r)!r!

(t+ r)!(n+ r)!
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• Let us choose


• From the definition of the generalized hypergeometric function,


   the amplitude becomes


• Using a Thomae transformation,

Hypergeometric amplitude
<latexit sha1_base64="PE8aM3cuQej6z5FIFy1b8V7hEks="></latexit>

�m =
r!

(m+ r)!
, r 2 R

<latexit sha1_base64="l/h+oxpIoV+i72dqclaC0ny1QZA=">AAACGnicbZBNSwMxEIaz9avWr6pHL6lF2FIouyLai1Dw4rGKbYW2LNk024Zms0syK5Slv8OLf8WLB0W8iRf/jenHQVsHAs+8M8NkXj8WXIPjfFuZldW19Y3sZm5re2d3L79/0NRRoihr0EhE6t4nmgkuWQM4CHYfK0ZCX7CWP7ya1FsPTGkeyTsYxawbkr7kAacEjOTl3Q4PzR6m8a0nbSjhS9wJFKGpDWVZVqWCKownbMie5mMvX3QqzjTwMrhzKKJ51L38Z6cX0SRkEqggWrddJ4ZuShRwKtg410k0iwkdkj5rG5QkZLqbTk8b4xOj9HAQKfMk4Kn6eyIlodaj0DedIYGBXqxNxP9q7QSCajflMk6ASTpbFCQCQ4QnPuEeV4yCGBkgVHHzV0wHxDgDxs2cMcFdPHkZmqcV97zi3pwVa9W5HVl0hI6RjVx0gWroGtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoT1tcPfwSd+A==</latexit>

=) Rn(t) =
(t+ n+ r)!r!

(t+ r)!(n+ r)!

<latexit sha1_base64="2/SCnVmM49yG2/j8HlPNw8G47ls="></latexit>

A(s, t) =
1X

n=0

Rn(t)

n� s
= �1

s
3F2


1, �s, 1 + t+ r
1� s, 1 + r

; 1

�

<latexit sha1_base64="Qt8JP9x60t8g2A5fwNyyJUUSlzs="></latexit>

A(s, t) =
�(�s)�(�t)

�(�s� t)
3F2


�s, �t, r

�s� t, 1 + r
; 1

�

New hypergeometric amplitude

<latexit sha1_base64="zI0SYE1MT/xqOLu/WY2mWJeZGWE="></latexit>

mFn


a1, . . . , am
b1, . . . , bn

; z

�
=

1X

k=0

(a1)k · · · (am)k
(b1)k · · · (bn)k

zn

n!

<latexit sha1_base64="1eGtlQhzl/1gt+0R3Iy5eL2JRcE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69rBbBU0mkaI8FLx4r2A9o07LZbtolm03Y3Sg15H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5XsyZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRW0WJJLRFIh7JrocV5UzQlmaa024sKQ49TjtecDPzOw9UKhaJez2NqRvisWA+I1gbadD3JSbp0yDI0uA0G5YrdtWeA60SJycVyNEclr/6o4gkIRWacKxUz7Fj7aZYakY4zUr9RNEYkwCPac9QgUOq3HR+dYbOjTJCfiRNCY3m6u+JFIdKTUPPdIZYT9SyNxP/83qJ9utuykScaCrIYpGfcKQjNIsAjZikRPOpIZhIZm5FZIJNENoEVTIhOMsvr5L2ZdW5qjp3tUqjnsdRhBM4gwtw4BoacAtNaAEBCc/wCm/Wo/VivVsfi9aClc8cwx9Ynz/e5ZK5</latexit>

zk

k!

Cheung, GR [2302.12263]



Unitarity

<latexit sha1_base64="EUi5lceKmgLs3bD4CUnND7WN15U=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSlqL60UYePE4wX3AVkaapltY2pQkHYyy/8SLB0W8+p94878x+xBU9EHI473fj7y8KOdMaYQ+rLX1jc2t7cpOdXdv/+DQPjpuK1FIQltEcCG7EVaUs4y2NNOcdnNJcRpx2onGN3O/M6FSMZHd62lOwxQPM5YwgrWRBrbdjwSP1TQ1Vymv0Wxg15CDAuQGHkSO5/t+gAzxL+u+50PXQQvUwArNgf3ejwUpUpppwrFSPRflOiyx1IxwOqv2C0VzTMZ4SHuGZjilKiwXyWfw3CgxTIQ0J9NwoX7fKHGq5uHMZIr1SP325uJfXq/QSRCWLMsLTTOyfCgpONQCzmuAMZOUaD41BBPJTFZIRlhiok1ZVVPC10/h/6TtOe6V4975tUawqqMCTsEZuAAuqIMGuAVN0AIETMADeALPVmk9Wi/W63J0zVrtnIAfsN4+ARnUk/I=</latexit>

r = 0

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`



<latexit sha1_base64="6X1si47GXsWxvvfXz18ypckQ32Y=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieStt9H4SBF48T3AdsZaRpuoWlaUnSwSj7T7x4UMSr/4k3/xvTbYKKPgh5vPf7kZfnJ4xKZdsfxsbm1vbObmGvuH9weHRsnpx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOdPb3K/NyNC0pjfq3lCvAiNOQ0pRkpLI9Mc+jEL5DzSVyauncXILNmW41bdpgttq9IsN8r1nNSqTrMMHcteogTWaI/M92EQ4zQiXGGGpBw4dqK8DAlFMSOL4jCVJEF4isZkoClHEZFetky+gJdaCWAYC324gkv1+0aGIpmH05MRUhP528vFv7xBqsKGl1GepIpwvHooTBlUMcxrgAEVBCs21wRhQXVWiCdIIKx0WUVdwtdP4f+k61pOzXLuKqVWY11HAZyDC3AFHFAHLXAL2qADMJiBB/AEno3MeDRejNfV6Iax3jkDP2C8fQI1S5QF</latexit>

r = 1

Unitarity

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`



<latexit sha1_base64="W4W4zQc1s8wH+CLRIPTQYD62o2s=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSlvrPg7CwIvHCe4DtjLSNN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR+EPN77/cjLC1JGpbLtD2NtfWNza7u0U97d2z84NI+OOzLJBCZtnLBE9AIkCaOctBVVjPRSQVAcMNINJjeF350SIWnC79UsJX6MRpxGFCOlpaFpDoKEhXIW6ysX1+58aFZsy3UvGw0H2la1Zledhiaee1X3POhY9gIVsEJraL4PwgRnMeEKMyRl37FT5edIKIoZmZcHmSQpwhM0In1NOYqJ9PNF8jk810oIo0TowxVcqN83chTLIpyejJEay99eIf7l9TMV1f2c8jRThOPlQ1HGoEpgUQMMqSBYsZkmCAuqs0I8RgJhpcsq6xK+fgr/Jx3XcqqWc+dVmvVVHSVwCs7ABXBADTTBLWiBNsBgCh7AE3g2cuPReDFel6NrxmrnBPyA8fYJNY+UBQ==</latexit>

r = 2

Unitarity

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`



<latexit sha1_base64="ZKTiOYsXWxQ/XUmCfkMVMthYSjk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVFrXaj0IAy8eJ7gP2MpI03QLpmlJ0sEo+0+8eFDEq/+JN/8b022Cij4Iebz3+5GXF2aMSmXbH0ZlZXVtfaO6Wdva3tndM/cPOjLNBSZtnLJU9EIkCaOctBVVjPQyQVASMtIN769LvzshQtKU36lpRoIEjTiNKUZKS0PTHIQpi+Q00VchrhqzoVm3LdfzfNeDtuXbdsNzNWm4nn/pQsey56iDJVpD830QpThPCFeYISn7jp2poEBCUczIrDbIJckQvkcj0teUo4TIoJgnn8ETrUQwToU+XMG5+n2jQIksw+nJBKmx/O2V4l9eP1exHxSUZ7kiHC8einMGVQrLGmBEBcGKTTVBWFCdFeIxEggrXVZNl/D1U/g/6ZxZzrnl3Lr1pr+sowqOwDE4BQ64AE1wA1qgDTCYgAfwBJ6Nwng0XozXxWjFWO4cgh8w3j4BOfSUCA==</latexit>

r = 3

Unitarity

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`



Unitarity

<latexit sha1_base64="I6ivsgOE2m/lvjb3nGQ7uvGYcBE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48VTFtoY9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsr+WLgPjYG1Zpbd3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQ5cfO0JlVhiiKlS1pUK7+nsiw0HoqQtspsBnrZW8u/uf1UhNdBxmTSWqoJItFUcqRidH8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2o26d1n37i9qzZsijjKcwCmcgwdX0IQ7aIEPBBg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fIdmOPg==</latexit>

m2
0

<latexit sha1_base64="T2PvXihe8MFxw6QKr/VXuAQTUSg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3xmM/A==</latexit>r



• In the high-energy, fixed-angle limit,


    the hypergeometric amplitude exhibits the scaling:


• In the physical region,                                     , one has           , so the amplitude 
falls off as a power law            , unless         , where the exponential decay of the 
string amplitude obtains.


Hard scattering

<latexit sha1_base64="NeDfhp/P9Z03B4s8OWvZug63Nn0="></latexit>

|s|, |t| ! 1, t/s fixed

<latexit sha1_base64="YzHpO0JkrG3MOi42cPMQL1Cr5nI="></latexit>

A(s, t) ⇠ eB(s,t) +
r

st
+ · · · , B(s, t) = (s+ t) log(s+ t)� s log s� t log t+ · · ·

<latexit sha1_base64="IGnuTxoRGiJ6dJqXRHS08GRjFs8=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoMoqGFHRL0IAS8eI5gHZJcwO5lNhszOLjO9QljyCV78FS8eFPHq0Zt/4+Rx0MSChqKqm+6uIJHCgOt+O7mFxaXllfxqYW19Y3OruL1TN3GqGa+xWMa6GVDDpVC8BgIkbyaa0yiQvBH0b0Z+44FrI2J1D4OE+xHtKhEKRsFK7eKhx2LjQY8DxdeYHHsQasqyMxhmZog9oXDrlJwQv10suWV3DDxPyJSU0BTVdvHL68QsjbgCJqkxLeIm4GdUg2CSDwteanhCWZ92ectSRSNu/Gz80BAfWKWDw1jbUoDH6u+JjEbGDKLAdkYUembWG4n/ea0Uwis/EypJgSs2WRSmEkOMR+ngjtCcgRxYQpkW9lbMetQmAjbDgg2BzL48T+pnZXJRJnfnpcrVNI482kP76AgRdIkq6BZVUQ0x9Iie0St6c56cF+fd+Zi05pzpzC76A+fzB1Nym3Q=</latexit>

cos ✓ = 1 + 2t
s 2 [�1, 1]

<latexit sha1_base64="sdh4oMvURwx1bb6YYFNXfWIij4w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVF0MYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpBIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3ItRGxesBJwv2IDpUIBaNopfvrK7dfrrhVdw7yl3g5qUCORr/82RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmKVAQljbUshmas/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88l/SOqt6F1Xv7rxSr+VxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnSenTfnfdFacPKZQ/gF5+MbgaCNQg==</latexit>

B < 0
<latexit sha1_base64="pEQs6uenzmzZbbmlYKfixC83WvQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKjz0jFNEXBvvlilt15yCrxMtJBXI0+uWv3iBmqeIRMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlHFjZ/ND56SM6sMSBhrWxGSufp7IqPKmIkKbKeiODLL3kz8z+umGNb8TERJijxii0VhKgnGZPY9GQjNGcqJJZRpYW8lbEQ1ZWgzKtkQvOWXV0nrsupdV737q0q9lsdRhBM4hXPw4AbqcAcNaAIDBc/wCm+Odl6cd+dj0Vpw8plj+APn8wdk+JAd</latexit>

⇠ r/st
<latexit sha1_base64="tWwAjNddECb9dBqs1q+vGnh+HAA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPagbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/MRY1z</latexit>

r = 0



• In the high-energy, fixed-angle limit,


    the hypergeometric amplitude exhibits the scaling:


• In the physical region,                                     , one has           , so the amplitude 
falls off as a power law            , unless         , where the exponential decay of the 
string amplitude obtains.


• In the unphysical          region,            and we find the universal scaling predicted 
by                                                                :

Hard scattering

<latexit sha1_base64="NeDfhp/P9Z03B4s8OWvZug63Nn0="></latexit>

|s|, |t| ! 1, t/s fixed

<latexit sha1_base64="YzHpO0JkrG3MOi42cPMQL1Cr5nI="></latexit>

A(s, t) ⇠ eB(s,t) +
r

st
+ · · · , B(s, t) = (s+ t) log(s+ t)� s log s� t log t+ · · ·

<latexit sha1_base64="IGnuTxoRGiJ6dJqXRHS08GRjFs8=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoMoqGFHRL0IAS8eI5gHZJcwO5lNhszOLjO9QljyCV78FS8eFPHq0Zt/4+Rx0MSChqKqm+6uIJHCgOt+O7mFxaXllfxqYW19Y3OruL1TN3GqGa+xWMa6GVDDpVC8BgIkbyaa0yiQvBH0b0Z+44FrI2J1D4OE+xHtKhEKRsFK7eKhx2LjQY8DxdeYHHsQasqyMxhmZog9oXDrlJwQv10suWV3DDxPyJSU0BTVdvHL68QsjbgCJqkxLeIm4GdUg2CSDwteanhCWZ92ectSRSNu/Gz80BAfWKWDw1jbUoDH6u+JjEbGDKLAdkYUembWG4n/ea0Uwis/EypJgSs2WRSmEkOMR+ngjtCcgRxYQpkW9lbMetQmAjbDgg2BzL48T+pnZXJRJnfnpcrVNI482kP76AgRdIkq6BZVUQ0x9Iie0St6c56cF+fd+Zi05pzpzC76A+fzB1Nym3Q=</latexit>

cos ✓ = 1 + 2t
s 2 [�1, 1]

<latexit sha1_base64="sdh4oMvURwx1bb6YYFNXfWIij4w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVF0MYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpBIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3ItRGxesBJwv2IDpUIBaNopfvrK7dfrrhVdw7yl3g5qUCORr/82RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmKVAQljbUshmas/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88l/SOqt6F1Xv7rxSr+VxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnSenTfnfdFacPKZQ/gF5+MbgaCNQg==</latexit>

B < 0
<latexit sha1_base64="pEQs6uenzmzZbbmlYKfixC83WvQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKjz0jFNEXBvvlilt15yCrxMtJBXI0+uWv3iBmqeIRMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlHFjZ/ND56SM6sMSBhrWxGSufp7IqPKmIkKbKeiODLL3kz8z+umGNb8TERJijxii0VhKgnGZPY9GQjNGcqJJZRpYW8lbEQ1ZWgzKtkQvOWXV0nrsupdV737q0q9lsdRhBM4hXPw4AbqcAcNaAIDBc/wCm+Odl6cd+dj0Vpw8plj+APn8wdk+JAd</latexit>

⇠ r/st
<latexit sha1_base64="tWwAjNddECb9dBqs1q+vGnh+HAA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPagbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/MRY1z</latexit>

r = 0

<latexit sha1_base64="vBTkOhsVW8Io6mcjWlJKfPNy9Hc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesAbt1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjU/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5V1bu/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQ1o12</latexit>

t > 0
<latexit sha1_base64="CqmtBfCjGE/O28dzYrCrCH2xdzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3V9fuf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdW7qHp355V6LY+jCEdwDKfgwSXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9+Eqo1E</latexit>

B > 0

<latexit sha1_base64="yP8rfuRrYyL3q/9CUnscmBAVBiw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARqtIyI6JdVty4rGAv0BlKJs20oZkLyRmhlL6DG1/FjQtF3Lpx59uYmc5CqwdCPv7/HJLze7HgCizryygsLa+srhXXSxubW9s75u5eW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vfJ36nXsmFY/CO5jEzA3IMOQ+pwS01DdPHBEN8RV2FA9wRZ3CcSpkUFWZp6qQ3dA3y1bNygr/BTuHMsqr2Tc/nUFEk4CFQAVRqmdbMbhTIoFTwWYlJ1EsJnRMhqynMSQBU+4022mGj7QywH4k9QkBZ+rPiSkJlJoEnu4MCIzUopeK/3m9BPy6O+VhnAAL6fwhPxEYIpwGhAdcMgpiooFQyfVfMR0RSSjoGEs6BHtx5b/QPqvZFzX79rzcqOdxFNEBOkQVZKNL1EA3qIlaiKIH9IRe0KvxaDwbb8b7vLVg5DP76FcZH9/MIpw3</latexit>

logA ⇠ (s+ t) log(s+ t)� s log s� t log t

Caron-Huot, Komargodski, Sever, Zhiboedov [1607.04253]



Remarkably, the hypergeometric amplitude has an integral representation,


reminiscent the Koba-Nielsen form for the Veneziano amplitude,

A worldsheet interpretation?

4-point:

<latexit sha1_base64="APa2W/1Y+SAA4062dD17oqDu6j4="></latexit>

A(s, t) = r

Z 1

0

Z 1

0
dx dy

x�s�1yr�1(1� xy)t

(1� x)t+1

<latexit sha1_base64="X9F4ZjhronuyiU414grArbGOKSk="></latexit>

A(4)
Ven =

Z 1

0
dx

x�s�1

(1� x)t+1

Cheung, GR [2302.12263]



<latexit sha1_base64="WnNCNLPMz99OieYFJkvdFCM+nlk="></latexit>

A(5)
Ven =

Z 1

0

Z 1

0
dx dy

x�s12�1y�s45�1(1� xy)s23+s34�s51

(1� x)s23+1(1� y)s34+1

Remarkably, the hypergeometric amplitude has an integral representation,


reminiscent the Koba-Nielsen form for the Veneziano amplitude,

A worldsheet interpretation?

5-point:

<latexit sha1_base64="APa2W/1Y+SAA4062dD17oqDu6j4="></latexit>

A(s, t) = r

Z 1

0

Z 1

0
dx dy

x�s�1yr�1(1� xy)t

(1� x)t+1

<latexit sha1_base64="sKEVsJvHd/aSrs4sbDwbs9AGW84=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeZOMsQ==</latexit>

1

<latexit sha1_base64="DMBteMlN0an+XY6K0Og7tGQl9pE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI1r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AexeMsg==</latexit>

2

<latexit sha1_base64="DSpTIj3MkvCJXi1JIrR7RHrZiCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqXPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTcVrXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfJuMsw==</latexit>

3

<latexit sha1_base64="pk9OOOSpCaXnZWC2shtQDFh5mDg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR22PBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua/5tza82G0UYZTiHC7gCH+rQhHtoQRsYILzAG7w7T86r87FqLDnFxBn8gfP5AxPFi4o=</latexit>

4
<latexit sha1_base64="HJyE5elzkrJ404AX67yimh+CuZA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipcd0vld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRVP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx4NxWvcVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHf6OMtQ==</latexit>

5

<latexit sha1_base64="mMRMJ2jOHSFqWx1N8H2kIT9n2C0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7UUoePFYwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt9Gj6mVedkhti+qWyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn80vnpJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEMq2hC85ZdXSata8a4q3v1luV7L4yjAKZzBBXhwDXW4gwY0gYGCZ3iFN8c4L86787FoXXPymRP4A+fzB0NXj/c=</latexit> s12
= s

<latexit sha1_base64="XjtFZJa267w63IPahUZN5VT2k7k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexG0VyEgBePEcwDkyXMTibJkNnZZaZXCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33ri2ohIPeAk5n5Ih0oMBKNopUfTSysXU3JDsFcsuWV3DrJKvIyUIEO9V/zq9iOWhFwhk9SYjufG6KdUo2CSTwvdxPCYsjEd8o6liobc+On84ik5s0qfDCJtSyGZq78nUhoaMwkD2xlSHJllbyb+53USHFT9VKg4Qa7YYtEgkQQjMnuf9IXmDOXEEsq0sLcSNqKaMrQhFWwI3vLLq6RZKXtXZe/+slSrZnHk4QRO4Rw8uIYa3EEdGsBAwTO8wptjnBfn3flYtOacbOYY/sD5/AFH7o/6</latexit>s23 = t

<latexit sha1_base64="PNY5jnZ8xZzoJizdN3CsuZzFq6Q=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXi/YiFLx4rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/m6n13VpugWXXj9csWtunOgVeLlpAI5mv3yV28gSRpTYQjHWvuem5ggw8owwum01Es1TTAZ4yH1LRU4pjrI5idP0ZlVBiiSypYwaK7+nshwrPUkDm1njM1IL3sz8T/PT01UDzImktRQQRaLopQjI9HsfzRgihLDJ5Zgopi9FZERVpgYm1LJhuAtv7xK2pdV77rqPdQqjXoeRxFO4BTOwYMbaMA9NKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fUXqP8A==</latexit>

s34 = �1

<latexit sha1_base64="6By0bXXqqMDUd5ygl9SS4+7tBe8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrVXsRCl48VrAfsF1KNs22odlkSWaFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE47uZ33li2nAlH2GSsCAmQ8kjTglYyTf9rHY1xbf4QvfLFbfqzoFXiZeTCsrR7Je/egNF05hJoIIY43tuAkFGNHAq2LTUSw1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiOpBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BW355lbQvq9511XuoVRr1PI4iOkGn6Bx56AY10D1qohaiSKFn9IreHHBenHfnY9FacPKZY/QHzucPtxOQMw==</latexit>s45 = �r

<latexit sha1_base64="m0dakrOW74eE9uyCh5b6lbj1jrs=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBHcWCbioxuh4MZlBfuA6VAyadqGZpIhyQhl6Ge4caGIW7/GnX9j2s5CWw9cOJxzL/feEyWCG+v7397K6tr6xmZhq7i9s7u3Xzo4bBqVasoaVAml2xExTHDJGpZbwdqJZiSOBGtFo7up33pi2nAlH+04YWFMBpL3OSXWSYHpZld4gm7ROe6Wyn7FnwEtE5yTMuSod0tfnZ6iacykpYIYE2A/sWFGtOVUsEmxkxqWEDoiAxY4KknMTJjNTp6gU6f0UF9pV9Kimfp7IiOxMeM4cp0xsUOz6E3F/7wgtf1qmHGZpJZJOl/UTwWyCk3/Rz2uGbVi7AihmrtbER0STah1KRVdCHjx5WXSvKjg6wp+uCzXqnkcBTiGEzgDDDdQg3uoQwMoKHiGV3jzrPfivXsf89YVL585gj/wPn8AT/KP7w==</latexit>

s51 = �1

Cheung, GR [2302.12263]



• Historically, string amplitudes predate the realization that the theory was about 
strings at all. Exploring amplitudes can lead to new physics, as we’ve seen from 
this talk.


• Also satisfying our physical constraints is the   -deformed generalization of 
Veneziano discovered by Coon        , unfortunately forgotten for decades:

Coon amplitudes

(1969)
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Recent surge of interest:

• unitarity 
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• We can generalize this construction to the   -deformed integers                   , 
obtaining a family of amplitudes that subsumes the Veneziano, Coon, and 
hypergeometric amplitudes:


                 -hypergeometric amplitude
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Conclusions

• We have constructed new infinite-parameter families of amplitudes obeying:

• Meromorphicity

• Crossing symmetry

• Polynomial residues

• Partial wave unitarity

• UV boundedness

• Dual resonance


• Galois sum construction: bespoke spectra

• Worldsheet-like representation

•   -point generalization


• Bootstrap construction with Regge spectrum: hypergeometric amplitudes


To prove that string theory is the unique theory of quantum gravity, we must 
explore whether it can be bootstrapped from first principles. 


Alternative structures that we find along the way can help us understand the 
mechanism by which strings become inevitable and give us insights into new 
structures within string theory itself.
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