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Non-Invertible Operators

Have a new perspective on symmetries, operators described by
topological surfaces in spacetime
[Gaiotto, Kapustin, Seiberg, Willet]

The operators can be non-invertible
[Kaidi, Ohmori, Zheng], [Choi, Lam, Shao], [Tachikawa]

▶ N ⊗N † ̸= 1
▶ Ex: Might need to stack operators with TFTs to make them

gauge-invariant. This makes the operator non-invertible!

Instead, gives sum of other operators
▶ N ⊗N † ≃ C ∼

∑
U

▶ Lower-dim surfaces ⇒ condensation defects
[Roumpedakis, Seifnashri, Shao], [Choi, Cordova, Hsin, Lam, Shao]

Fusion coefficients given by decoupled TFTs, not numbers
▶ Na ⊗Nb ≃ A⊗Na+b
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Completing the Square

Dp−brane

N (Mn) C ∼
∑

U(Mn−1)

Push to

Boundary

N⊗N †

Have examples from geometric engineering/holography
[Apruzzi, Bah, Bonetti, Schafer-Nameki], [Garc̀ıa Etxebarria], [Heckman, Hübner, Torres, Zhang]

▶ Probe branes made topological, WZ action
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Completing the Square

Dp−brane
∑

q<pDq−branes

N (Mn) C ∼
∑

U(Mn−1)

Push to

Boundary

Dp⊗Dp

Push to

Boundary

N⊗N †

Have examples from geometric engineering/holography
[Apruzzi, Bah, Bonetti, Schafer-Nameki], [Garc̀ıa Etxebarria], [Heckman, Hübner, Torres, Zhang]

▶ Probe branes made topological, WZ action

Can we understand C directly from something stringy?
Model with brane dynamics: get lower brane charges from
tachyon condensation [Sen], [Witten]
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Condensations via Condensation
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What’d We Do?

W5 × T 1,1 with N D3-branes and M fractional D3-branes; dual
to 4d N = 1 su(M) SYM after duality cascade
[Klebanov, Tseytlin], [Klebanov, Strassler]

▶ Bulk gauge group ⊃ Z(0)
2M × Ẑ(2)

2M × Z(1)
M × Ẑ(1)

M

▶ Pick global form PSU(M): global Z(0)
2M × Ẑ(1)

M

Probe D5 wrapping S3 ⊂ T 1,1; dual to Z(0)
2M R-symmetry

generator N (M3)
▶ anti-D5 gives orientation reversal N †

On brane-anti-brane pair, tachyon condensation →
∑

D3-branes

▶ D3 wrapping submanifold; dual to Ẑ(1)
M symmetry generator U(Σ2)

Purely from branes, see N ⊗N † ∼
∑

U !

Thomas Waddleton Brane Fusion Frenzy 4 / 5



What’d We Do?

W5 × T 1,1 with N D3-branes and M fractional D3-branes; dual
to 4d N = 1 su(M) SYM after duality cascade
[Klebanov, Tseytlin], [Klebanov, Strassler]

▶ Bulk gauge group ⊃ Z(0)
2M × Ẑ(2)
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What Else Did We Do?

Found fusion algebra of all possible Dp-branes dual to
symmetry operators in the bulk gauge theory

Understood fusion N a ⊗N b ≃ A⊗N a+b in terms of
worldvolume modes of the Dp-branes
▶ Number of branes
▶ Center-of-mass modes
▶ Relative modes

Orientation of Dp-branes relative to conformal boundary ⇒
choice of global form (More Forthcoming!)

Beginning to understand the bulk structure of all symmetry
operators
▶ Should be (higher) fusion categories

[Copetti, Del Zotto, Ohmori, Wang], [Bhardwaj, Bottini, Schafer-Nameki, Tiwari]
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Thank You!


