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Motivations

MZ
Einstein’s General Relativity: Sey = TPJ d*x/—g(R — 27)

‘Unique’ (strictly) renormalizable QFT of gravity in D = 4:
[Stelle PRD (1977)]

1 a p
S = EJ d4X\/—_g<M£(R — ZA) +ER2 _EC/,vaO'Cuva->

d N\

: . M3
Massive spin-0: m% = 720, Massive spin-2 ghost:
- 10, . . . MZ 2
a~ 10*": natural explanation for inflation! m2 = ?p +2A (2% + 1)
[Starobinsky, 1980+]



Ghost instability: classical level

Ostrogradsky’s theorem

If a non-degenerate Lagrangian, L = L(x, X, X, ., x(”)), depends on the n-
th derivative of a single configuration variable x, with 1 < n < oo, then
the Hamiltonian is unbounded from below.

[Ostrogradsky (1850); Woodard (2015)]



Ghost instability: classical level

Runaway solutions

Example:

d*y(t) d*y(t)
¢ dt? +b dt?

+cy(t) =0

— y(t) — Cle_k_t + Czek_t + C3e_k+t + C4_ek+t

Q‘H
Q

\/—bi\/bz — 4ac

e



Ghost instability: quantum level

Scalar toy model: ghost

1 1

L=1¢(n—m2)(1—5)¢—1/(¢) = () = y
2 M? P p? +m? —ie p?+M?—ic

(e, > 0 Feynman prescription)



Ghost instability: quantum level

Scalar toy model: ghost

1 1

L=1¢m—m£W1—Ej¢—V@)=:n()= y
2 M? P p? +m? —ie p?+M?—ic

(e, > 0 Feynman prescription)
Optical theorem:

S*S=1, S=1+1T,
= 2im{(alTla)} = ) cl(nITIa)? 2 0

=Y e, e
cpn InXn| Cn o

{n}



Ghost instability: quantum level

Scalar toy model: ghost

1 1

L=1¢m—m£W1—Ej¢—V@)=:n()= y
2 M? P p? +m? —ie p?+M?—ic

(e, > 0 Feynman prescription)
Optical theorem:

S*S=1, S=1+1iT,

1= elminl, >0 2im{(@lTla)} = ) cal(nITIa)? 2 0

= {n}
Tree-level example (V ~ ¢3):
Im{{a|T|a)} ~ 0(pM)[§(p? + m?) — §(p? +M?
N 7 m{{alTla)} ~ 66 (p* +m?) — 5(p* +M?)]

N o

It can be negative: violation of unitarity!
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How to solve the ghost puzzle in Perturbative Quantum Gravity?

| consider two types of approaches:

1. Correspondence Principle applies: ghost must be classically harmless

(give up locality)

1 4 2 2 'B Uvpo
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Quatum Gravity Puzzle

How to solve the ghost puzzle in Perturbative Quantum Gravity?

| consider two types of approaches:

1. Correspondence Principle applies: ghost must be classically harmless

(give up locality)

1 a p
S = Ef d*x =g |MZ(R — 2A) + gRZ =5 Cuvpa CH7P7 + -+
+RFR(—D)R + Cypo Fc(—O)CHYPI + -], 0= g"v,v,

2. Correspondence Principle does not apply:
— Keep locality
— quantum features needed to make the ghost harmless

— (consistent) classical limit taken from the quantum theory



Outline

 Approach 1: Correspondence Principle applies (give up “locality’)

* Approach 2: Correspondence Principle does not apply

 Discussion



Approach 1: beyond 4 derivatives

Scalar 4-derivative model:

—590(1-37)9 V@ = neH=-—
=2 P p? + M2
Generalized higher-derivative model:

= Of D)0 — V() = N(P) = —

"2 SNICDIE

Is there any non-trivial f(—0) such that the propagator is ghost-free?



Approach 1: beyond 4 derivatives

Scalar 4-derivative model:

—590(1-37)9 V@ = neH=-—
=2 P p? + M2
Generalized higher-derivative model:

= Of D)0 — V() = N(P) = —

"2 SNICDIE

Is there any non-trivial f(—0) such that the propagator is ghost-free?

YES! Nonlocality (infinite-order derivatives) can help!



Approach 1: beyond 4 derivatives

Local vs Nonlocal

Local Lagrangian:

LL = LL(¢) a(p; az¢; ey an¢)
Nonlocal Lagrangian:

1
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Local vs Nonlocal

Local Lagrangian:

L, =L, (¢p,00,0%¢,...,0"P)

Nonlocal Lagrangian:

1
Ly = Ly (qb, g, 0%¢, ..., 0", ... eD(p,Ecp, )

Typical in standard perturbative QFT



Approach 1: beyond 4 derivatives

Local vs Nonlocal

Local Lagrangian:

LL = LL(¢) a(p; az¢; ey an¢)
Nonlocal Lagrangian:

LyL = Lyt (qb, dp, 32, ..., ", ...,

non-polynomially boundedness




Approach 1: beyond 4 derivatives

Bare scalar field Lagrangian:

=——</)F( D¢ — V()

\\+ Entire function

(good IR limit: F(—0O) —» —0O + m?)

Weierstrass’ theorem:

F(—O) = e YD) H(—D + ml-z)ri ) N < oo,

y(—0O) is an entire function

N is the number of zeroes ml-z; 1; is the multiplicity of each zero



Approach 1: beyond 4 derivatives

Bare scalar field Lagrangian:

=——¢F( D¢ —V(g)
\\+ Entire function

(good IR limit: F(—0O) —» —0O + m?)

Weierstrass’ theorem:
N
F(-0) = e "0 H(_D +m?)"", N <o,
i=1

Propagator:
Y(?) &

WL
P p% + m? (p +m?) i




Approach 1: beyond 4 derivatives

N
F(-0) = e "0 H(_D +m?)"", N <o,
=1

« N=1, =1, y(—0O) = 0 = 2-derivative theory (Klein-Gordon)
F(—0O) = —0 + m?

e« N=2, =1, y(—0O) = 0 = 4-derivative theory with ghost

F(=0) = (-0 + m?) (1 _ %)

e o >N =2 and/or r; = 2 (with m; real) = ghosts!



Approach 1: beyond 4 derivatives

N
F(-0) = e "0 H(_D +m?)"", N <o,
=1

e N=1, =1, y(-0O)#0
— infinite-order derivatives and one real zero:
F(—D0O) = e‘y(‘D)(—D + m?)

Propagator:

eV (-p?)

p? +m? — ie

(p?) =



Approach 1: nonlocal field theories

Nonlocal scalar field models:
1 2
L=5¢e" M@ -mMp ~V(e),

Ghost-free propagator:

eV (p?/M$)

N(p?) =
(%) p? + m? —ie

Perturbative unitarity (optical theorem and Cutkosky rules) holds

[Pius & Sen 2015; Briscese & Modesto 2018; Chin & Tomboulis 2018; Koshelev & Tokareva 2021;
Buoninfante 2022]



Approach 1: nonlocal QFTs of gravity

Generalized quadratic gravity action:

S =Sgu+ J d*x y=g(RFy(—D)R + R, F,(—D)R™ + Ry Fs(—O)RFVPT + --.)

Analytic form factors:

N<oo

F(-D/MD) =) fin @—?) ,
n=0 S

N =0 < nonlocal

M;: energy scale
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N<oo
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n=0

M;: energy scale
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Approach 1: nonlocal QFTs of gravity

Generalized quadratic gravity action:

S =Sgu+ j d*x y=g(RFy(—D)R + R, F,(—D)R™ + Ry Fs(—O)RFVPT + --.)

Analytic form factors:

N<oo

—_0\" N =00 <& nonlocal
Fi(_D/MsZ) = z fi,n <W> )
n=0

M;: energy scale
[Krasnikov, Kuz’min, Tomboulis, Koshelev, Siegel, Biswas, Mazumdar, Modesto, Calcagni, Briscese,
Rachwal, Frolov, Zelnikov, Starobinsky, Kumar, Tokareva, Boos, Kolar, Lambiase, Buoninfante,......]

[Asymptotic Safety Community: Saueressig, Knorr, Ripken, Platania, Schiffer, Reichert, Pawlowski,
Litim, Bonanno,...]

See B. Knorr’s talk for more general aspects of form factors in QG



Approach 1: nonlocal QFTs of gravity

Consider

1
S = Sgu +5 j d*x V=G (RFy(~D)R + Cuypo > (~0)CHP)
Propagator:

, N 2\1,2 2
Mypo(k?) = wpo 1 Fivpo foll) = 1+ ORI/ My
kvpo H(kHK? 2 fo(kD)k?’ f(k?) = 1= 2F,(k))k? /M3




Approach 1: nonlocal QFTs of gravity

Consider

1
S = Sgu +5 j d*x =g (RFy(=D)R + CyypFy (—O)CHYPO)

Propagator:
2 N 2\12 /M2
Mypo(k?) = wpo 1 Fivpo foll) = 1+ ORI/ My
kvpo H(kHK? 2 fo(kD)k?’ f(k?) = 1= 2F,(k))k? /M3

No-ghost condition:

f(k%) = e 2(K), £ (k?) = e () (1 + k2 /md)

N /

Entire functions



Approach 1: nonlocal QFTs of gravity

Ghost-free nonlocal gravity:

1
S = Sgu +5 j d*x =g (RFy(=D)R + CyypoFy (—O)CHYPO)

e_YO(_D)(]_ — D/mg) —1 1 — e_VZ(_D)

Fo(—D) = M;% 60 ) F,(—D) = M;% o0



Approach 1: nonlocal QFTs of gravity

Ghost-free nonlocal gravity:

1
S =8gy + E_[ d*x \/—g(RFO(_D)R + CyvpaFZ (_D)Cuvpa)

e_yO(_D)(l — D/mg) —1 1 — e_VZ(_D)

Fo(—D) = M;; 60 ) F,(—=0) = M T

Simplest case: no spin-0 dof

1 — e_YZ(_D)

F,(—0) = —3F,(-0) = M o0

— H/,wpa(kz) = eyz(kz) H/%I;Ipa(kz)



Approach 1: nonlocal QFTs of gravity

Some remarks

Infinite class of viable entire functions y;(—0) and y,(—0)

Smaller (but still infinite) class of super-renormalizable models

[Kuz’'min, Tomboulis, Modesto, Rachwal, Calcagni, Briscese, Giacchini, de Paula Netto,... ]

Applications to black holes and compact objects

[Biswas, Mazumdar, Siegel, Moffat, Modesto, Frolov, Zelnikov, Boos, Giacchini, de Paula Netto, Kolar,
Koshelev, Lambiase, Buoninfante,....]

Applications to the early universe cosmology (constraint M, = 10 GeV)

[Koshelev, Starobinsky, Kumar, Calcagni, Modesto, Rachwal, Tokareva,....]



Approach 1: nonlocal QFTs of gravity

Open issues

Hamiltonian for nonlocal theories? (non-perturbative classical stability?)

Dressed propagator? (non-perturbative quantum stability?)
[Shapiro (2015)]

Quantification of causality violation?

[Some attempts: Tomboulis (2015); Carone (2016); Modesto (2018);
Buoninfante, Lambiase, Mazumdar (2018)]

Huge freedom in the choice of the entire functions !?!
(predictivity?)

Nonlocal Lagrangians from first principles...?



Approach 1: nonlocal QFTs of gravity

Open issues

Hamiltonian for nonlocal theories? (non-perturbative classical stability?)

Dressed propagator? (non-perturbative quantum stability?)

[Shapiro (2015)]

Quantification of causality violation?

[Some attempts: Tomboulis (2015); Carone (2016); Modesto (2018);
Buoninfante, Lambiase, Mazumdar (2018)]

—_—

Huge freedom in the choice of the entire functions !?!
(predictivity?)

Nonlocal Lagrangians from first principles...?

—

Most important!
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* Approach 2: correspondence principle does not apply

 Discussion



Approach 2: keep locality

Locality + (strict) renormalizability are very restrictive:

1 a B
S = EJ d4x\/—_g<M£(R _ ZA) + gRZ _ ECﬂvpacuvpa>



Approach 2: possible solutions

l'[(pz)— 1 1 Sts =1, S=1+IiT,
— 2 _ i A2 2 _
p le p=+m5—ie 1 — zcn In)nl,

{n}

Optical theorem:

2Im{{a|T|a)} = z cnl{n|T|a)|?
{n}
Tree level example:

Im{{a|T|a)} ~ 6(p°)[6(p?) — sign(e)6(p* +M*)]



Approach 2: possible solutions

Causal propagation & positive norms

M2y = — - _ 1 StS=1, S=1+1T,
pz — le pz + m% — e — normal
1= c, In){n|, ch >0
€e>0 > C >
( 0 0) {n} ghost 0

Optical theorem:

2Im{(a|T|a)} = z cpl(n|T]a)]?
{n}
Tree level example:

Im{{a|T|a)} ~ 6(p°)[6(p?) — sign(e)6(p* +M*)]

Unitarity is violated!



Approach 2: possible solutions

Causal propagation & negative norms

[Holdom, Salvio, Strumia,...]

Ny = — L _ 1 StS=1, S=1+il
pz — le pz + m% — e — normal
1= c, In){n|, ch >0
€e>0 > C <
( 0 0) {n} ghost 0

Optical theorem:

2Im{(a|T|a)} = z cpl(n|T]a)]?
{n}
Tree level example:

Im{{a|T|a)} ~ 6(p°)[6(p?) — sign(e)6(p* +M*)]

Unitarity is preserved!



Approach 2: possible solutions

Acausal propagation & positive norms

[Donoghue, Menezes,...]

1 1 L~ — ]
%) = e~ S*S=1, S=1+iT,
p p 2 1 = z Ch In)(nl, C%ormal >0
€e>0, €< C >
( 0 0) {n} ghost 0

Optical theorem:

2im{(alTla)} = ) c,l(niTIa)? = 0
{n}
Tree level example:

Im{(a|T|a)} ~ 6(p°)[6(p?) — sign(e)s(p? +M?)] = 0

Unitarity is preserved!



Approach 2: Some Remarks

Beyond tree-level

The massive spin-2 ghost gets a width: [Donoghue & Menezes 2018+]
—1 —1
2 : — 2 2 .
p? +ms +ie p? +m5,, +i(e + myp,l)
(¢ = 0 anti-Feynman) (T ~m3/M2 > 0)

Ghost life-time:  Tgeeqy~ 1/T~M3/m;

If my, >2my & me~103GeV = Tgeeqy S 1073GeV ™1 ~ 107%8sec



Approach 2: Some Remarks

Beyond tree-level

The massive spin-2 ghost gets a width: [Donoghue & Menezes 2018+]
—1 —1
2 : — 2 2 .
p? +ms +ie p? +m5,, +i(e + myp,l)
(¢ = 0 anti-Feynman) (T ~m3/M2 > 0)

Ghost life-time:  Tgeeqy~ 1/T~M3/m;
If my, >2my & me~103GeV = Tgeeqy S 1073GeV ™1 ~ 107%8sec

Ghost must be projected away from the physical Hilbert space
[Veltman projection (1964)]
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Approach 2: Some Remarks

Classical limit of Quadratic Gravity ?

* Ish—0=T~00h) >0 = T4eqy — @ ? NO, too naive!

* Isjustalow-energy limit (E < m,)? |don’tthink so.



Approach 2: Some Remarks

Classical limit of Quadratic Gravity ?

Two time-scale regimes to consider (in my opinion):

1. At = Tdecay:

Classical limit must be taken consistently with the ““quantum projection”

2. At < Tdecay:

Ghost is still alive and can propagate, no projection

[may it be related to the high-energy limit (E > m,)?]



Approach 2: Some Remarks

Tree-level 2-2 graviton scattering amplitude

Despite renormalizability, it’s the same as Einstein’s general relativity:
[Modesto et al. (2015); Holdom (2021)]

Mz_z(S) ~ G S ~ EZ/MZ%

Perturbativity (not unitarity) breaks at E ~ M,

This may indicate that non-perturbative effects must be taken into account
(e.g. black-hole formation !)
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Implications of a non-zero (positive) cosmological constant?
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Approach 2: Some Remarks

Implications of a non-zero (positive) cosmological constant?

1 a ﬁ
S = E_[ 4X\/—_g<MI§(R —_ ZA) +ER2 _EC/.tvpaCMvPa>

Simple question (non-trivial answer): (Buoninfante 2308.11324]
lim S =7
[ — oo
MZ
A=0: ms= 7” — 0
ﬁ — 00 =
5  MZ 2 a
A#0: m2 =7+5A(25+ 1) —2A



Approach 2: Some Remarks

A>0: lim § =7

[ — oo

Massless spin-2 & =+2,+1 helicities of massive spin-2 ghost decouple

Massive spin-0 (¢p) & helicity-0 ()x) of spin-2 ghost survive

[Buoninfante 2308.11324]

1
Soxlg b X1 = j d*xv=g [5 (Guxd"x — 0,90*¢) =V (¢, x)

Vg, x) = (0 — 2 — 612)" + ¢ (x + ¢)?

36M, M2

_ 4
2 _ 2
M = Mj + 5 ah




Summary

Ghost puzzle in Perturbative Quantum gravity

Approach 1: give up locality and kill the ghost at the classical level
— Correspondence principle still holds

— Bigger price to pay: uniqueness is lost (predictivity?)

Approach 2: keep locality + strict renormalizability
— Unique Lagrangian
— Correspondence principle does not hold
— Some open questions: classical limit; non-perturbative stability;

more investigations in curved spacetimes
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Where to expect nonlocality?

Black hole formation?

Usual argument: non-perturbative 2-2 scattering process [giddings, bvali......]

= M,_,(s) ~ e SBH ~ ™5/Mp,
p2 p

(s = =(p1 + p2)* = Eéy)



Where to expect nonlocality?

Black hole formation?

Usual argument: non-perturbative 2-2 scattering process [giddings, bvali......]

P1 P3

= My_p(s) ~e~SBH ~e™/Ms (s = —(p; +p;)? = E&y)
b2 p

4

Violates the Cerulus-Martin bound [assumes locality (polynomial boundedness)]

[Cerulus & Martin (1964)]

|M,_,(s)| = e¢Vslogs
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Black hole formation?

Usual argument: non-perturbative 2-2 scattering process [giddings, bvali......]

= My_p(s) ~e™SBH ~e™5/Mb, (s = —(p; +p;)? = E&y)
b2 p

More general bound [includes nonlocality (exponential boundedness)]:
[Buoninfante, Tokuda, Yamaguchi (2023)]

a=0: local
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a >1/2: nonlocalizable |IM,_5(s)| = p—C1Vslogs—cys 2

M ()] < |s|VeclsI®



Where to expect nonlocality?

Black hole formation?

Usual argument: non-perturbative 2-2 scattering process [giddings, bvali......]

= My_p(s) ~e™SBH ~e™5/Mb, (s = —(p; +p;)? = E&y)
b2 p

More general bound [includes nonlocality (exponential boundedness)]:
[Buoninfante, Tokuda, Yamaguchi (2023)]

a=0: local
0 < a < 1/2: strictly localizable aal
a >1/2: nonlocalizable |IM,_5(s)| = p—C1Vslogs—cys 2

M ()] < |s|VeclsI®

IF black holes form as above = ‘“nonlocal bound” on gravity:
1

> _
“=73



Thank you for your attention!



