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Take-home message
• We have identified quantum gravitational corrections to the 

external metric of compact objects which contain information 
about the interior metric. This is a new quantum hair.

• We have shown how to apply these results to black holes.

• This quantum hair leads to a solution to the information paradox.

• Using EFT techniques, we are able to calculate quantum 
gravitational corrections to the Hawking amplitudes. 

• We can also show that the black hole spectrum differs from that of 
a black body and it thus contains information.
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Unique effective action for 
quantum gravity

3

The Hilbert-Einstein action

receives corrections when integrating out fluctuations of the graviton 
(and any other matter fields depending on the energy under 
consideration), one obtains:
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where R, Rµ⌫ and R
µ⌫⇢� are respectively the Ricci scalar, Ricci tensor and Riemann tensor

and µi are renormalization scales. Note that each of these structures are functions of the met-

ric and they contain second order derivatives. The e↵ective action can be seen as a derivative

expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is

obtained by integrating out the graviton and massless matter fields (see e.g. [16]). The calcu-

lation is done at the one-loop level in perturbation theory using dimensional regularization,

the divergencies of the diagrams giving rise to the non-local terms of the type R log⇤R are

absorbed in the corresponding local terms R
2 and Rµ⌫R

µ⌫ . In the following, we drop the

total derivative ⇤R as it does not a↵ect the equations of motion. Note that the Riemann

tensor squared term Rµ⌫↵�R
µ⌫↵� can be eliminated using the Gauss-Bonnet identity: this

cannot be done though for the corresponding non-local term. It is worth emphasizing that

the e↵ective action could be constrained further if we imposed new symmetries such as con-

formal invariance, see e.g. [17,18], here we choose to stick to Einstein’s formulation of gravity

as the leading order term of our e↵ective action. We shall now describe the parameters of

this e↵ective action and describe its dynamical content.

1 The parameters of the e↵ective action and its dy-

namical content

The e↵ective action contains both dimensionful and dimensionless parameters. The most

familiar one is certainly the reduced Planck scale MP which is given by
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The non-local part of the EFT
• The Wilson coefficients of the non-local operators are universal 

predictions of quantum gravity:

• The Wilson coefficients of the local operators on the other hand are not 
calculable: this is the price to pay. 4

NB: they are
 calculated using
dim-reg.

All numbers should be divided by 11520 !2
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where v = 246 GeV is the Higgs boson’s expectation value and ⇠ is the non-minimal coupling

of the Higgs boson. The non-minimal coupling is a free parameter unless conformal invariance

is imposed. Measurements of the properties of the Higgs boson imply that |⇠| > 2.6 ⇥ 1015

is excluded at the 95% C.L. [19]. M is the coe�cient of the Ricci scalar. It has mass

dimension 2. The scale M? is the scale up to which we can trust the e↵ective field theory.

It is traditionally identified with MP but this needs not to be the case. Direct searches for

strong gravitational e↵ects at colliders in the form of quantum black holes [20] lead to a

bound on M? of the order of 9 TeV, see e.g. [21]. The renormalization scales µi could, in
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↵ � �

Scalar 5(6⇠ � 1)2 �2 2

Fermion �5 8 7

Vector �50 176 �26

Graviton 250 �244 424

Table 1: Coe�cients for di↵erent fields. Note that these coe�cients have been derived by

many di↵erent authors, see e.g. [7–9,12,18–22]. All numbers should be divided by 11520⇡2.

Here, ⇠ denotes the value of the non-minimal coupling for a scalar theory. All these coe�-

cients including those for the graviton are gauge invariant. It is well known that one needs to

be careful with the graviton self-interaction diagrams and that the coe�cients ↵ and � can

be gauge dependent, see [23], if the e↵ective action is defined in a naive way. For example,

the numbers ↵ = 430/(11520⇡2) and � = �1444/(11520⇡2) for the graviton quoted in [12]

are obtained using the Feynman gauge. However, there is a well-established procedure to

derive a unique e↵ective action which leads to gauge independent results [8, 9]. Here we are

quoting the values of ↵ and � for the graviton obtained using this formalism as it guaranties

the gauge independence of observables.

3 Production of gravitational waves: local theory

As explained in [1, 2], quantum gravity contains two massive wave solutions on top of the

usual massless mode of general relativity. We review the results presented in [1,2] in prepa-

ration for calculation of the leading order quantum gravitational correction to the classical

quadrupole formula. To streamline the discussion, we shall focus in this section on the local

quadratic theory, i.e. Eq. (1). Analyzing the latter, albeit simple in nature, aids in drawing

interesting parallels and contrasts when we discuss non-locality in the next section. We only

consider a simple system where the two masses move in a perfectly circular orbit.

The equations of motion are easily obtained by linearizing the field equations of Eq. (1)
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work of Stelle [24], it became quite common to dispense with the higher-derivative structure

of the theory by introducing massive modes in the equations of motion. These extra modes
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• We start from the unique effective action.

• Field equations

• Consider the corrections to the metric of a stationary homogeneous and isotropic 
star with radius RS and density

• The solution to the Einstein equation inside this star (for r ≤ RS) is the well-known 
interior Schwarzschild metric 

• where the Misner Sharp mass.

Quantum Corrections to static star and 
quantum hair

III. LEADING CORRECTIONS FROM QUANTUM GRAVITY

In general relativity, Birkhoff’s theorem states that any spherically symmetric solution

of the vacuum field equations must be static and asymptotically flat. In other words, the

exterior solution must be given by the Schwarzschild metric. It has been shown that this is

not the case in quantum gravity [7, 8]: the asymptotic gravitational potential of a compact

object received quantum gravitational corrections [8, 9] which are not present for an eternal

black hole [8, 10]. Quantum gravitational corrections depend on the composition of the

compact object. This quantum memory effect has also been observed in FLRW cosmology

[11]. In this section, we show that compact objects are hairy in quantum gravity. We

work within the framework of the effective quantum gravitational action at second order in

curvature by [10, 12–18]: Γ[g] = ΓL[g] + ΓNL[g], where the local part of the action is given
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This effective action is obtained by integrating out the fluctuations of the graviton and

potentially other massless matter fields. The Wilson coefficients of the local part of the

action are not calculable from first principles, as we do not specify the ultra-violet theory of

quantum gravity. However, those of the non-local part are calculable and model independent

quantum gravitational predictions. These non-local coefficients can be found in e.g. [8]. The
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with c̄1 = c1 − c3 and c̄2 = c2 + 4 c3. Finally, the non-local part reads
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Note that the variation of the ln! term yields terms of higher order in curvature and

can thus safely be ignored at second order in curvature. The non-local parts of the field

equations are responsible for the memory effect. We can easily illustrate this by considering

the corrections to the metric of a stationary homogeneous and isotropic star with radius Rs

and density

ρ(r) = ρ0Θ(Rs − r) =

⎧

⎨

⎩

ρ0 if r < Rs

0 if r > Rs ,
(9)

where ρ0 > 0 is a constant and Θ(x) is Heaviside’s step function. The solution to the Einstein

equation inside this star (for r ≤ Rs) is the well-known interior Schwarzschild metric
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where

M = 4 π

∫ Rs

0

ρ r2 dr =
4 π

3
R3

s ρ0 (11)

is the total Misner-Sharp mass of the source. The corresponding pressure is of order GN [8]

in agreement with the fact that the pressure does not gravitate in Newtonian physics. Of

course, the metric outside the star (for r > Rs) is the usual vacuum Schwarzschild metric

ds2 =

(

1−
2GNM

r

)

dt2 −
(

1−
2GNM

r

)−1

dr2 − r2 dΩ2 ≡ gextµν dxµ dxν , (12)

from which one can see thatM is also the Arnowitt-Deser-Misner (ADM) mass of the system.

We now perturb the above metrics: g̃µν = gµν + gqµν , and take the perturbation gqµν to be

O(GN). We solve this equation, imposing the solution to be spherically symmetric and time

independent. In addition we fix the gauge freedom by setting gqθθ = 0. Doing so, we obtain

the quantum corrections gqµν = δgextµν to the Schwarzschild metric (12) outside the star. The
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• Outside the star

• Use perturbation theory around classical metric

• Quantum correction outside the star

where lP is the Planck length. 

• The coefficient of the r-5 term is proportional to GN
2M RS−3: i.e., it is a quantum 

gravitational effect proportional to the density of source object. 
6
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independent. In addition we fix the gauge freedom by setting gqθθ = 0. Doing so, we obtain

the quantum corrections gqµν = δgextµν to the Schwarzschild metric (12) outside the star. The
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with c̄1 = c1 − c3 and c̄2 = c2 + 4 c3. Finally, the non-local part reads

HNL
µν = − 2α

(

Rµν −
1

4
gµν R+ gµν !−∇µ∇ν

)

ln

(

!

µ2

)

R

− β

(

2 δα(µRν)β −
1

2
gµν Rα

β + δαµ gνβ !+ gµν ∇α∇β

− δαµ ∇β∇ν − δαν ∇β∇µ

)

ln

(

!

µ2

)

Rβ
α

− 2 γ

(

δα(µR
β
ν) στ −

1

4
gµν Rαβ

στ +
(

δαµ gνσ + δαν gµσ
)

∇β∇τ

)

ln

(

!

µ2

)

R στ
αβ . (8)

Note that the variation of the ln! term yields terms of higher order in curvature and

can thus safely be ignored at second order in curvature. The non-local parts of the field

equations are responsible for the memory effect. We can easily illustrate this by considering

the corrections to the metric of a stationary homogeneous and isotropic star with radius Rs

and density

ρ(r) = ρ0Θ(Rs − r) =

⎧

⎨

⎩

ρ0 if r < Rs

0 if r > Rs ,
(9)

where ρ0 > 0 is a constant and Θ(x) is Heaviside’s step function. The solution to the Einstein

equation inside this star (for r ≤ Rs) is the well-known interior Schwarzschild metric

ds2 =

(

3

√

1−
2GNM

Rs
−

√

1−
2GNM r2

R3
s

)2

dt2

4
−
(

1−
2GNMr2

R3
s

)−1

dr2 − r2 dΩ2

≡ gintµν dx
µ dxν , (10)

where

M = 4 π

∫ Rs

0

ρ r2 dr =
4 π

3
R3

s ρ0 (11)

is the total Misner-Sharp mass of the source. The corresponding pressure is of order GN [8]

in agreement with the fact that the pressure does not gravitate in Newtonian physics. Of

course, the metric outside the star (for r > Rs) is the usual vacuum Schwarzschild metric

ds2 =

(

1−
2GNM

r

)

dt2 −
(

1−
2GNM

r

)−1

dr2 − r2 dΩ2 ≡ gextµν dxµ dxν , (12)

from which one can see thatM is also the Arnowitt-Deser-Misner (ADM) mass of the system.

We now perturb the above metrics: g̃µν = gµν + gqµν , and take the perturbation gqµν to be

O(GN). We solve this equation, imposing the solution to be spherically symmetric and time

independent. In addition we fix the gauge freedom by setting gqθθ = 0. Doing so, we obtain

the quantum corrections gqµν = δgextµν to the Schwarzschild metric (12) outside the star. The
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find a correction

δgexttt = (α + β + 3 γ)
192 πG2

N M1

R3
1

[

2
R1

r
+ ln

(

r − R1

r +R1

)]

+ (α+ β + 3 γ)
192 πG2

NM2

R3
2

[

2
R2

r
+ ln

(

r −R2

r +R2

)]

+O(G3
N)

δgextrr = (α− γ)
384 πG2

NM1

r (r2 −R2
s,1)

+ (α− γ)
384 πG2

N M2

r (r2 − R2
s,2)

+O(G3
N) . (16)

While the classical part of the metric cannot distinguish between the one ball of dust with

mass M and two concentric dust balls with masses M1,M2 and M1+M2 = M , the quantum

gravitational corrections depend on the matter distribution of the nested balls.

For the one-layer star we obtain

gtt = 1−
2GNM

r
(17)

−128π2(α+ β + 3γ)
l2p
r2

[

GNM

r

(

1 +
3R2

s

5r2
+O(Rs/r)

4

)

+O(GNM/r)2
]

+ O(lp/r)
4 ,

where lp =
√
!G is the Planck length, and for two layers we obtain

gtt = 1−
2GNM

r
(18)

−128π2(α + β + 3γ)
l2p
r2

[

GNM

r

(

1 +
3(M1R2

1 +M2R2
s)

5Mr2
+O(Rs/r)

4

)

+O(GNM/r)2
]

+ O(lp/r)
4.

Clearly, the quantum gravitational corrections are different for the two stars. Here we made

explicit the different expansion parameters. The series in lp/r reflects the truncation of the

effective action at second order in curvature. The series in GNM/r is due to the linearization

of the field equations and the expansion in Rs/r corresponds to the asymptotic limit. In

this limit we see that potentials generated by the two stars are composition dependent at

order r−5.

In this case we have considered a two-layered star and shown that the result can differ

from a single-layered star. However, the above argument can easily be extended to show

that any n- and m-layered stars with n ̸= m can be distinguished by an outside observer due

to quantum gravitational effects, although their classical external gravity fields are identical.

The quantum memory effect leads to hairy stars.

To extend the above discussion, consider two homogeneous stars both with initial mass

Mi and radius Ri. We assume that at a certain time both stars run out of fuel and collapse

towards a new equilibrium state with mass Mf and radius Rf . Let us furthermore assume

8



• Our result can be extended to a time dependent collapse (Phys.Rev.D 108 
(2023) 8, 086012): replace Rs by  the time-dependence via the radius of the star 
Rs(t).

• For a distant observer, r ≫ Rs(t) at all times, we can expand the correction to 
the metric, and the r−5 dependence remains during the totality of the collapse.

• Eventually, Rs(t) will reach 2GNM and a closed trapped surface will form 
indicating the formation of a black hole. 

• An observer could in principle measure the coefficient of the r−5 correction to 
the metric. 

• This correction contains information about the matter distribution that 
collapsed and could thus enable the observer to differentiate between black 
holes formed by different matter distributions. 

• Quantum gravity produces a new kind of hair on black holes and we have 
shown that this hair affects Hawking’s evaporation amplitudes.

7



Asymptotic Quantum States of the graviton field
• Consider a compact source which is an energy eigenstate with eigenvalue E. 

• Graviton quantum state ψg(E) is exactly analogous to the quantum state of the 
U(1) vector field (Coulomb potential) created by a charge Q. This is a coherent 
state 

• where b†(k) is a linear combination of creation operators of the non-propagating 
(temporal + longitudinal, depending on gauge) modes of the photon.

• For gravity Q is replaced by the energy eigenvalue of the source state and the 
coherent state modes are temporal and longitudinal graviton modes. 

• In both gauge theory and gravity the asymptotic state is determined by Gauss law 
via constrained quantization. 
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state  g(NEn) of the system S cannot be identical to  g(NEn0) of the system S
0, otherwise

the resulting sums would also be identical. See [6] for additional details of this construction.

This analysis does not determine the graviton states  g(E), but does establish that

di↵erent energies E correspond to di↵erent (albeit possibly very similar) states  g.

We can obtain the same result via quantum field theory using the property that the

spin-2 graviton hµ⌫ couples to the operator Tµ⌫ . The gravitational potential is generated by

graviton exchange between the source “particle” S and a test mass. At long wavelengths,

we can treat the composite state S as a single particle, analogous to a nucleon which is

composite and has its own complex substructure. The Feynman amplitude for graviton

emission from an incoming source particle S has a vertex factor which is simply its energy

eigenvalue E. States S with di↵erent energies E have di↵erent graviton emission amplitudes,

and hence produce di↵erent asymptotic states of the hµ⌫ field.

The graviton quantum state  g(E) is exactly analogous to the quantum state of the

U(1) vector field (Coulomb potential) created by a charge Q [7–9]. This can be constructed

explicitly as a coherent state

|0iQ = exp


Q

Z
d
3
k q(k)b†(k)

�
|0iQ=0 (3)

where b
†(k) is a linear combination of creation operators of the non-propagating (temporal

and longitudinal, depending on choice of gauge) modes of the photon. The factor of Q in

the exponent shows how the photon state depends on the source charge. In the gravitational

case Q is replaced by the energy eigenvalue of the source state and the coherent state modes

are temporal and longitudinal graviton modes. In both gauge theory and gravity the manner

in which the charge or energy control the asymptotic quantum state is determined by the

Gauss law via constrained quantization. Note (3) is a formal expression which avoids some

infrared issues: the q(k) are not normalizable with respect to the Lorentz-invariant 1-particle

norm.

The direct connection between the gravitational field (Schwarzschild metric) and the

Coulomb potential can also be seen as a consequence of the double copy relationship [10].

For our purposes the most important point is that  g(E) depends explicitly on E and for

each distinct energy eigenstate of the compact source there is a di↵erent graviton quantum

state.

The evaporation of a black hole takes place over a timescale ⇠ M
3 so its evolution from

a matter configuration to outgoing radiation is confined to a finite region of spacetime.

Hence the asymptotic gravitational field at r � M
3 remains unchanged, in the form (2),

throughout the entire process. However, near the horizon the gravitational quantum state

presumably reflects the changing internal state of the hole. The internal state is itself

4



• ψg(E) depends on E: each distinct energy eigenstate of the compact source has a 
different graviton quantum state. 

• A semiclassical matter configuration is a superposition of energy eigenstates with 
support concentrated in some narrow band of energies.

where ψn are energy eigenstates with eigenvalues En. 

• Resulting gravity state is a superposition state: 

• In QED: long wavelength photons couple to total charge of composite object. 

• In gravity: long wavelength gravitons couple to energy eigenvalue of compact 
object. 

• Semiclassical compact sources produce external graviton states which are complex 
superpositions given by ψg.

• The stars considered before are a concrete example of this general result. 9

Asymptotic quantum state of graviton field

 g(E) depends on E: each distinct energy eigenstate of the
compact source has a di↵erent graviton quantum state.

A semiclassical matter configuration is a superposition of
energy eigenstates with support concentrated in some narrow
band of energies

 =
X

n
cn n ,

where  n are energy eigenstates with eigenvalues En. Resulting
gravity state is a superposition state:

 g =
X

n
cn g(En)

Asymptotic quantum state of graviton field

 g(E) depends on E: each distinct energy eigenstate of the
compact source has a di↵erent graviton quantum state.

A semiclassical matter configuration is a superposition of
energy eigenstates with support concentrated in some narrow
band of energies

 =
X

n
cn n ,

where  n are energy eigenstates with eigenvalues En. Resulting
gravity state is a superposition state:

 g =
X

n
cn g(En)



A Brief History of Hawking's Information Paradox

• The thermal nature of his radiation led Stephen Hawking in 1976 to argue that 
black holes would destroy quantum information. 

• In other words, black holes cause pure states to evolve into mixed states. 

• Mathur’s formulation is particularly clear: his analysis tracks the entanglement 
entropy of Hawking radiation emitted on a nice slice. 

• Nice slices are spacelike surfaces which intersect both the interior of the black 
hole and the emitted Hawking radiation. 

• We shall briefly review Mathur's formulation of the paradox.

10



• Let us call the modes outside the horizon b1, b2, ..., and those inside the horizon 
e1, e2, .... The initial slice in the nice slice foliation contains only the matter state 
|ψ⟩M (i.e., the black hole), and none of the ei, bi. 

• The first step of evolution stretches the spacelike slice, so that the particle modes 
e1, b1 are now present on the new slice. The state of these modes has the 
schematic form 

where the numbers 0, 1 give the occupation number of a particle mode. 

• The entanglement of the state outside the horizon (given by the mode b1) with the 
state inside (given by the mode e1) yields Sentanglement = ln 2. 

• In the next step of evolution the modes b1, e1 at the earlier step move apart, and 
in the region between them there appears another pair of modes b2, e2 in a state 
that has the same form as the first state. 
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I. INTRODUCTION

The thermal nature of his radiation led Stephen Hawking in 1976 to argue that black

holes would destroy quantum information [1]. In other words, black holes cause pure states

to evolve into mixed states. More precisely, quantum information that falls into a black hole

does not escape in the form of radiation. Rather, it vanishes completely from our universe,

thereby violating unitarity in quantum mechanics.

Hawking’s argument seems at odd with the principle of holography that emerged in the

1990s with the seminal works of ’t Hooft in 1993 [2] and Susskind 1995 [3]. Holography,

formalized into the AdS/CFT correspondance by Maldacena in 1998 [4] does apparently

contradict Hawking’s paradox. Indeed, the AdS/CFT correspondence provides a wide range

of examples of unitary quantum dynamics of black holes. As explained so nicely in [5], this

correspondence provides an existence proof of counterexamples to Hawkings assertion that

black holes violate quantum mechanical unitarity. However, this result is not su�cient and

has never been accepted as a solution to Hawking’s paradox otherwise this field would have

died out in the 1990s.

Solving the paradox requires a constructive proof, showing how the bulk gravitational

dynamics is modified so that it becomes unitary. A solution to this problem would also

require to match the unitary evolution in the bulk with that of the boundary, and thus

develop the holographic dictionary. In a more conventional language maybe, one wants to

understand how specifically information is encoded in the Hawking radiation and not just

that it is retrievable on the boundary.

Hawking’s paradox was reformulated in the late 2000s and early 2010s by Mathur [6, 7].

His analysis tracks the entanglement entropy of Hawking radiation emitted on a nice slice.

Nice slices are spacelike surfaces which intersect both the interior of the black hole and the

emitted Hawking radiation. We shall briefly review Mathur’s formulation of the paradox.

Let us call the modes outside the horizon b1, b2, ..., and those inside the horizon e1, e2, ....

The initial slice in the nice slice foliation contains only the matter state | iM (i.e., the black

hole), and none of the ei, bi. The first step of evolution stretches the spacelike slice, so that

the particle modes e1, b1 are now present on the new slice. The state of these modes has the

schematic form

| i = 1p
2

⇣
|0ie1 |0ib1 + |1ie1 |1ib1

⌘
, (1)

where the numbers 0, 1 give the occupation number of a particle mode. The entanglement

of the state outside the horizon (given by the mode b1) with the state inside (given by the

mode e1) yields Sentanglement = ln 2.

In the next step of evolution the modes b1, e1 at the earlier step move apart, and in the

2



• After N steps we have the state

• The initial matter state appears in a tensor product with all the other quanta, since 
the pair creation happens far away. There is no connection to the matter state in the 
leading order Hawking process. 

• The modes bi are entangled with the ei and the black hole with an entropy 
Sentanglement = N ln 2. 

• This entanglement grows by ln 2 with each succeeding emission.

• If the black hole evaporates away completely, the bi quanta outside will be in an 
entangled state, but there will be nothing that they are entangled with.
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region between them there appears another pair of modes b2, e2 in a state that has the same

form as (1). After N steps we have the state

| i ⇡ | iM ⌦
⇣ 1p

2
|0ie1 |0ib1 +

1p
2
|1ie1 |1ib1

⌘

⌦
⇣ 1p

2
|0ie2 |0ib2 +

1p
2
|1ie2 |1ib2

⌘

. . .

⌦
⇣ 1p

2
|0ieN |0ibN +

1p
2
|1ieN |1ibN

⌘
. (2)

The initial matter state appears in a tensor product with all the other quanta, since the pair

creation happens far away. There is no connection to the matter state in the leading order

Hawking process.

The modes {bi} are entangled with the {M, ei} with Sentanglement = N ln 2. This entangle-

ment grows by ln 2 with each succeeding emission. If the hole evaporates away completely,

the bi quanta outside will be in an entangled state, but there will be nothing that they are

entangled with. The initial pure state | iM has evolved to a mixed state, described by a

density matrix.

Mathur argues further that small corrections ✏ to Hawking evaporation cannot change

this qualitative result: the entanglement entropy increases by ⇡ ln 2� ✏ with each emitted

quantum.

Another issue was identified by Preskill in 1992. He argued that the quantum state of the

interior cannot be reproduced in the outgoing radiation [8]. This is the No Cloning theorem.

Mathur’s work [6, 7] led to the concept of entanglement monogamy, namely the idea that

Hawking modes are highly entangled with interior modes near the horizon, and therefore

cannot purify the (late time) radiation state of an old black hole. This led to the concept

of firewalls [9, 10]. Note that need for firewalls was debunked in a series of papers [11–14].

Very recently, it has been shown by Raju and di↵erent collaborators [15–18] that the

interior information is recoverable at the boundary: they originate, roughly speaking, from

the Gauss Law constraint in quantization of gravity. Basically, this is a proof of holography

but it does not solve the black hole information paradox as previously explained.

Furthermore, technical problems have been identified in these results [19]: The non-

factorizability of the Hilbert space, while it is a feature of the ultraviolet structure of field

theory, should not be an issue for the e↵ective dynamics. Indeed, the work in [15–18] do not

provide a mechanism by which this concern can be avoided.

All these formulations are limited by the assumption of a semiclassical spacetime back-

ground. Specifically, as we elaborate in what follows, they do not address the possibil-

ity of entanglement between di↵erent background geometries (gravitational states). More

specifically, we argue that black holes, their geometry and the Hawking radiation form a

3



• The initial pure state |ψ⟩M has evolved to a mixed state, described 
by a density matrix. 

• Mathur argues further that small corrections ε to Hawking 
evaporation cannot change this qualitative result: the entanglement 
entropy increases by ≈ ln 2 − ε with each emitted quantum. 

• This formulation is limited by the assumption of a semiclassical 
spacetime background. 

• Specifically, as we elaborate in what follows, it does not address the 
possibility of entanglement between different background 
geometries (gravitational states).

• We will argue that black holes (their geometry) and the Hawking 
radiation form a macroscopic superposition 

13



Quantum Hair and Unitary Evaporation. 
• We shall now describe our solution to Hawking’s paradox. 
• As we have seen the analysis of the state of the graviton field produced by a 

compact matter source (e.g., a black hole) revealed the following: 

1. The asymptotic graviton state of an energy eigenstate source is determined at 
leading order by the energy eigenvalue and it can be expressed explicitly as a 
coherent state which depends on this eigenvalue. 
Insofar as there are no accidental energy degeneracies there is a one-to-one map 
between graviton states and matter source states. 
A semiclassical matter source produces an entangled graviton state.

2. Quantum gravitational fluctuations (i.e., graviton loops) produce corrections to the 
long range potential (e.g., ∼ r−5) whose coefficients depend on the internal state of 
the source.
This provides an explicit example of how the graviton quantum state (corresponding 
to the semiclassical potential) encodes information about the internal state of a black 
hole. Note the calculation is insensitive to short distance effects in quantum gravity. 

14



• Using these properties above, we can write the quantum state of the exterior 
metric (equivalently, the quantum state of the exterior geometry) as 

• A semiclassical state has support concentrated in some range of energies E, 
where the magnitudes of cn are largest. For simplicity, when representing the 
exterior metric state g(E) we only write the energy explicitly and suppress the 
other quantum numbers. 
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A Brief History of Hawking’s Information Paradox

i.e., a lower bound on the energy spectrum in quantum

gravity. An alternative argument can be given using dif-

feomorphism invariance, which implies the absence of local

observables in gravitational theories, see e.g. [14, 15] and

references therein.

While both holography of information and AdS/CFT

suggest that the Hawking paradox is somehow resolved

in favor of unitarity, neither yield a specific description

of the physical process by which black hole information

is encoded in Hawking radiation which originates outside

the horizon. This question has remained a mystery over

the 20+ years that have elapsed since Maldacena gave

the first examples of bulk-boundary duality. As evidence

supporting this conclusion, see these recent reviews [16,

17].

Quantum Hair and Unitary Evaporation. – We

shall now describe the solution to Hawking’s paradox pro-

posed in [18]. In [19], the analysis of the state of the

graviton field produced by a compact matter source (e.g.,

a black hole) revealed the following:

1. The asymptotic graviton state of an energy eigen-

state source is determined at leading order by the energy

eigenvalue, and can be expressed explicitly as a coherent

state which depends on this eigenvalue. Insofar as there

are no accidental energy degeneracies there is a one to one

map between graviton states and matter source states1. A

semiclassical matter source produces an entangled gravi-

ton state.

2. Quantum gravitational fluctuations (i.e., graviton

loops) produce corrections to the long range potential

(e.g., ⇠ r�5) whose coe�cients depend on the internal

state of the source. This provides an explicit example

of how the graviton quantum state (corresponding to the

semiclassical potential) encodes information about the in-

ternal state of a black hole. Note the calculation is in-

sensitive to short distance e↵ects in quantum gravity (i.e.,

the short distance completion of the model).

1It is a folk theorem in many-body physics that typical energy

level splittings are ⇠ exp(�S) (S is the entropy of the system) and

there are no exact degeneracies without exact symmetries. Even if

distinct but exactly degenerate energy eigenstates  1 and  2 exist,

it still seems likely that they are distinguishable via their e↵ects on

the graviton quantum state since by assumption the functions  1(x)

and  2(x) are not identical.

Using property 1 above, we can write the quantum state

of the exterior metric (equivalently, the quantum state of

the exterior geometry) as

 i =
X

n

cn g(En) =
X

n

cn | g(En) i . (3)

A semiclassical state has support concentrated in some

range of energies E, where the magnitudes of cn are

largest. For simplicity, when representing the exterior

metric state g(E) we only write the energy explicitly and

suppress the other quantum numbers.

Assume for convenience that the black hole emits one

quantum at a time (e.g., at fixed intervals), culminating

in a final state of N radiation quanta:

| r1 r2 r3 · · · rN i .

The quantum numbers of the i-th emitted radiation par-

ticle include the energy �i, momentum pi, spin si, charge

qi, etc. The symbol ri is used to represent all of these

values:

ri ⇠ {�i, pi, si, qi, . . .} .

A final radiation state is specified by the values of

{r1, r2, . . . , rN}.
Let the amplitude for emission of quantum ri from exte-

rior metric state  g(E) be ↵(E, ri). This amplitude must

approximate the semiclassical Hawking amplitude for a

black hole of mass E. In the leading approximation the

amplitudes are those of thermal emission, but at sublead-

ing order (i.e., ⇠ S�k for perturbative corrections such

as those calculated in [19], or exp(�S) for nonperturba-

tive e↵ects, where S is the black hole entropy) additional

dependence on (E, ri) will emerge. The fact that these

corrections can depend on the internal state of the hole

is a consequence of quantum hair, i.e., property 2. It has

been shown that even corrections as small as exp(�S) can

purify a maximally mixed Hawking state (i.e., can perturb

the radiation density matrix ⇢ so that tr ⇢2 = 1), because

the dimensionality (⇠ expS) of the Hilbert space is so

large [20–23].

When the black hole emits the first radiation quantum

r1 it evolves into the exterior state given on the right be-

low:

 i !
X

n

X

r1

cn ↵(En, r1) | g(En ��1), r1i . (4)

p-3

Black hole radiation



• Assume for convenience that the black hole emits one quantum at a time (e.g., at 
fixed intervals), culminating in a final state of N radiation quanta: 

• The quantum numbers of the i-th emitted radiation particle include the energy ∆i, 
momentum pi, spin si, charge qi, etc. 

• The symbol ri is used to represent all of these values: 

• A final radiation state is specified by the values of {r1, r2, . . . , rN}. 

• α(E, ri): amplitude for emission of quantum ri from exterior metric state Ψg(E). 

• At leading order, it is just the semiclassical Hawking amplitude for a black hole of 
mass E. 
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Black hole radiation

Assume for convenience that the black hole emits one quantum
at a time (e.g., at fixed intervals), culminating in a final state of
N radiation quanta:

| r1 r2 r3 · · · rN i .

The quantum numbers of the i-th emitted radiation particle
include the energy �i, momentum pi, spin si, charge qi, etc. The
symbol ri is used to represent all of these values:

ri ⇠ {�i, pi, si, qi, . . .} .

A final radiation state is specified by the values of {r1, r2, . . . , rN}.
↵(E, ri): amplitude for emission of quantum ri from exterior
metric state g(E). At leading order, just the semiclassical
Hawking amplitude for a black hole of mass E.

Black hole radiation

Assume for convenience that the black hole emits one quantum
at a time (e.g., at fixed intervals), culminating in a final state of
N radiation quanta:

| r1 r2 r3 · · · rN i .

The quantum numbers of the i-th emitted radiation particle
include the energy �i, momentum pi, spin si, charge qi, etc. The
symbol ri is used to represent all of these values:

ri ⇠ {�i, pi, si, qi, . . .} .

A final radiation state is specified by the values of {r1, r2, . . . , rN}.
↵(E, ri): amplitude for emission of quantum ri from exterior
metric state g(E). At leading order, just the semiclassical
Hawking amplitude for a black hole of mass E.



Remarks on α(E, ri): 

• In the leading approximation the amplitudes are those of thermal emission, but at 
subleading order (i.e., ∼ S−k for perturbative corrections, or exp(− S) for 
nonperturbative effects, where S is the black hole entropy) additional dependence 
on (E, ri) will emerge. 

• The fact that these corrections can depend on the internal state of the black hole 
is a consequence of quantum hair. 

• It has been shown that even corrections as small as exp(−S) can purify a 
maximally mixed Hawking state (i.e., can perturb the radiation density matrix ρ 
so that tr ρ2 = 1), because the dimensionality (∼ exp S) of the Hilbert space is so 
large.  (arXiv1211.6767 (Padadodimas and Raju) and arXiv:1308.5686 (Hsu))
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Unitarity black hole evolution

• When the black hole emits the first radiation quantum r1 it evolves into the 
exterior state given on the right below: 

• In this notation g refers to the exterior geometry and r1 to the radiation. The 
next emission leads to 

• and the final radiation state is 
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Unitary black hole evolution

When the black hole emits the first radiation quantum r1 it
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• Final radiation state: 

• It is not a tensor product!

• In the final state we omit reference to the geometry g as the black hole no 
longer exists: there is no horizon and the spacetime is approximately flat. 

• The final radiation state is a complex superposition which depends linearly on 
the initial black hole state. 

• The final radiation state is a macroscopic superposition state. 

• Under time reversal, the radiation state evolves back to the original black hole 
quantum state. 
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Unitary black hole evolution

Final radiation state:
X

n

X

r1,r2,...,rN

cn ↵(En, r1)↵(En��1, r2)↵(En��1��2, r3) · · · | r1 r2 · · · rNi .

In the final state we omit reference to the geometry g as the
black hole no longer exists: there is no horizon and the
spacetime is approximately flat.

The final radiation state is a complex superposition which
depends linearly on the initial black hole state. Under time
reversal, the radiation state evolves back to the original black
hole quantum state.



• Quantum hair provides a mechanism by which the amplitudes α(E, r) can depend 
on the internal state. 

• The result is manifestly unitary, and the final state  is manifestly a pure state: 
• For each distinct initial state there is a different final radiation state. 
• The time-reversed evolution of a final radiation state results in a specific initial 
state. 

• These results provide, for the first time, a physical picture of how the information 
is encoded in the Hawking radiation. 
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Quantum Gravitational Corrections to Particle Creation by Black Holes 

• We revisit Hawking’s original calculation adding quantum gravitational 
corrections to the background metric.

• For a Schwarzschild black hole, the leading quantum gravitational correction 
to the metric appears at third order in curvature ( see 2108.06824)

21

Schwarzschild metric is [5]

ds2 = −f(r)dt2 +
1

g(r)
dr2 + r2dΩ2 , (1)

f(r) = 1−
2GNM

r
+ 640πc6

G5
NM

3

r7
, (2)

g(r) = 1−
2GNM

r
+ 128πc6

G4
NM

2

r6

(

27− 49
GNM

r

)

. (3)

We will now show how this quantum correction impacts the emission of Hawking particles.

In his seminal paper [1], Hawking considers the wave-function of a scalar field !Φ = 0 in

a curved space-time given by the Schwarzschild metric. The field operator can be written as

Φ =
∑

i

(

fiai + f̄ia
†
i

)

=
∑

i

(

pibi + p̄ib
†
i
+ qici + q̄ic

†
i

)

, (4)

where fi, f̄i (the bar denotes complex conjugation) are solutions of the wave equation which

are purely ingoing, whereas pi, p̄i and qi, q̄i are respectively purely outgoing solutions and

solutions which do not contain any outgoing component. The ai, bi and ci are annihilation

operators and a†
i
, b†

i
and c†

i
are creation operators.

Our aim is to show that the solutions fi, f̄i, pi, p̄i, qi and q̄i depend on the quantum cor-

rections. Indeed, we will show that quantum gravitational corrections to the Schwarzschild

metric lead to modifications of Hawking’s solutions. This implies that Hawking radiation

carries information about the quantum system which is the source of the quantum hair.

The classical Schwarzschild space-time and its quantum corrections given above are spher-

ically symmetric. One can thus decompose the incoming and outgoing solutions into spherical

harmonics. In the region outside the black hole, one can write the incoming and outgoing

solutions as

fω′lm =
1√

2πω′r
Fω′(r)eiω

′vYlm(θ,φ) , (5)

pωlm =
1√
2πωr

Pω(r)e
iωuYlm(θ,φ) (6)

where v and u are the advanced and retarded coordinates. In the classical Schwarzschild

case, they are given by

vc = t + r + 2M log

∣

∣

∣

∣

r

2MGN
− 1

∣

∣

∣

∣

(7)

uc = t− r − 2M log

∣

∣

∣

∣

r

2MGN
− 1

∣

∣

∣

∣

. (8)

Our aim is to find the leading quantum correction to these functions. The simplest way

to do so is to consider a geodesic path for a particle moving in the background space-time,

2



• The field operator is given by

• Amplitude in terms of the Bogoliubov coefficients reads

• The quantum amplitude depends on the quantum correction to the metric: the 
quantum hair induces a quantum correction to the amplitude for production of 
Hawking radiation. 

• This is the mechanism by which information escapes the black hole. 
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Our aim is to find the leading quantum correction to these functions. The simplest way

to do so is to consider a geodesic path for a particle moving in the background space-time,

2

corrections are small compared to the classical Schwarzschild terms, and remaining close

enough to the horizon, we find

r = rH − Eλ

(

1 +
1728πG4

NM
2

r6H
c6

)

+O
(

λ2
)

+O
(

c26
)

, (16)

where rH is the modified Schwarzschild radius, defined by g(rH) = 0:

rH = 2GNM

(

1−
5π

G2
NM

4
c6

)

+O
(

c26
)

. (17)

We can now use r(λ) in (16) to integrate (15), hence obtaining

u(λ) = −4MGN log

(

λ

C

)

+
8πc6

M3GN
log

(

λ

C

)

+O (λ) +O
(

c26
)

, (18)

with C a negative integration constant. Geometric optics then allows us to relate the outgo-

ing null coordinate to the ingoing one: λ = (v0 − v)/D, where v0 is the advanced coordinate

which gets reflected into the horizon (λ = 0) and D is a negative constant.

We can now calculate the quantum corrected out-going solutions to the original Klein-

Gordon equation. They are given by

pω =

∫ ∞

0

(

αωω′fω′ + βωω′ f̄ω′

)

dω′, (19)

where αωω′ and βωω′ are the Bogoliubov coefficients given by

αωω′ = −iKeiω
′v0e

(

2πMGN−
4π2c6
M3GN

)

ω

×
∫ 0

−∞

dx
(ω′

ω

)1/2
eω

′xexp

[

iω
(

4MGN −
8πc6

M3GN

)

ln

(

|x|
CD

)]

(20)

and

βωω′ = iKe−iω′v0e
−

(

2πMGN−
4π2c6
M3GN

)

ω

×
∫ 0

−∞

dx
(ω′

ω

)1/2
eω

′xexp

[

iω
(

4MGN −
8πc6

M3GN

)

ln

(

|x|
CD

)]

. (21)

Note that these integrals can be represented in terms of Gamma functions.

This demonstrates that the quantum amplitude for the production of the particle depends

on the quantum correction to the metric. In other words, the quantum hair induces a

quantum correction to the amplitude for production of Hawking radiation. This is the

mechanism by which information escapes the black hole.
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Note that these integrals can be represented in terms of Gamma functions.

This demonstrates that the quantum amplitude for the production of the particle depends

on the quantum correction to the metric. In other words, the quantum hair induces a

quantum correction to the amplitude for production of Hawking radiation. This is the

mechanism by which information escapes the black hole.
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where



• We now want to take energy conservation into account: Parikh and Wilczek 
tunneling method. 

• The emission spectrum we obtain deviates from that of a black body:

• These results show that there is information about the interior state in the 
radiation from a black hole. 

• Not only do the Hawking amplitudes depend on the quantum corrections to 
the metric (quantum hair), but the power spectrum also depends on these 
corrections and it does not match that of a black body once energy 
conservation and quantum gravitational effects are taken into account. 

• The alpha’s in our equations for the unitary evolution of black holes are 
calculable
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Following the derivation in [16], the quantum corrected emission rate of a Hawking particle

is given by

Γ ∼ e−2 ImS = e
−8πEMGN(1− E

2M )
(

1−
2πc6

G2
N

M2(M−E)2

)

. (36)

In the limit E → 0 one recovers the usual Planckian spectrum as first derived by Hawking.

However, because of the non-trivial E dependence of the action, the emission spectrum

clearly deviates from that of a black body.

The emission spectrum follows from the tunneling rate using the method presented in [16]

and it deviates from that of a black body as can easily be seen from

F (ω) =
dω

2π

1

e
8πωMGN(1− ω

2M )
(

1−
2πc6

G2
N

M2(M−ω)2

)

− 1

(37)

because of its additional dependence on ω. For small values of ω, the above expression

reduces to the Planck distribution with the modified Hawking temperature given by Eq.

(24).

These results show that there is information about the interior state in the radiation from

a black hole. Not only do the Hawking amplitudes depend on the quantum corrections to

the metric (quantum hair), but the power spectrum also depends on these corrections and

it does not match that of a black body once energy conservation and quantum gravitational

effects are taken into account.

4 Arbitrary Quantum Hair and Hawking radiation

It has been shown in [9] that quantum hair is a generic feature of quantum gravity. In

particular, any collapse model will have quantum hair that carries information about the

system throughout the gravitational collapse. The quantum hair captures the memory of

the collapse process and of all the matter that formed the black hole. We can parametrize

generic quantum hair as

ds2 = −f(t, r)dt2 +
1

g(t, r)
dr2 + r2dΩ2 , (38)

dΩ2 = dθ2 + sin(θ)2dφ2 ,

f(t, r) = 1−
2GNM

r
+ f (q)(t, r) ,

g(t, r) = 1−
2GNM

r
+ g(q)(t, r) ,

7



Conclusions
• We have identified a new kind of quantum hair.

• We present a generic expression for the quantum state of the graviton field.

• We then used these results to reconsider black hole radiation and evolution 
showing that it is a unitary process.

• We have calculated the leading order quantum gravitational corrections to 
Hawking amplitude and spectrum. We find a deviation from the black body 
spectrum.

24Thanks for your attention


